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Correlated spiking has been widely observed, but its impact on neural coding remains controversial. Correlation arising from comodu-
lation of rates across neurons has been shown to vary with the firing rates of individual neurons. This translates into rate and correlation
being equivalently tuned to the stimulus; under those conditions, correlated spiking does not provide information beyond that already
available from individual neuron firing rates. Such correlations are irrelevant and can reduce coding efficiency by introducing redun-
dancy. Using simulations and experiments in rat hippocampal neurons, we show here that pairs of neurons receiving correlated input
also exhibit correlations arising from precise spike-time synchronization. Contrary to rate comodulation, spike-time synchronization is
unaffected by firing rate, thus enabling synchrony- and rate-based coding to operate independently. The type of output correlation
depends on whether intrinsic neuron properties promote integration or coincidence detection: “ideal” integrators (with spike generation
sensitive to stimulus mean) exhibit rate comodulation, whereas ideal coincidence detectors (with spike generation sensitive to stimulus
variance) exhibit precise spike-time synchronization. Pyramidal neurons are sensitive to both stimulus mean and variance, and thus
exhibit both types of output correlation proportioned according to which operating mode is dominant. Our results explain how different
types of correlations arise based on how individual neurons generate spikes, and why spike-time synchronization and rate comodulation
can encode different stimulus properties. Our results also highlight the importance of neuronal properties for population-level coding
insofar as neural networks can employ different coding schemes depending on the dominant operating mode of their constituent
neurons.

Introduction
Neurons in many brain areas exhibit correlated spiking but the
role of those correlations remains controversial (Singer, 1993;
Zohary et al., 1994; Engel et al., 1997; Gerstner et al., 1997;
Shadlen and Movshon, 1999; Treisman, 1999; Salinas and Se-
jnowski, 2001; Palanca and DeAngelis, 2005; Averbeck et al.,
2006; Schneidman et al., 2006; Wolfe et al., 2010). Noise correla-
tions are generally thought to degrade coding efficiency (Aver-
beck et al., 2006) [with exceptions (Cafaro and Rieke, 2010)], but
signal-dependent correlations could conceivably carry informa-
tion. However, the feasibility of correlation-based coding has
been called into question by the observation that output correla-
tion varies with firing rate despite no change in input correlation
(de la Rocha et al., 2007). If such a correlation–rate relationship

always existed, input correlation could not be unambiguously
decoded from output correlation, and transferred correlations
would become meaningless (see Fig. 1). Importantly, correlations
range from precise spike-time synchronization (on a millisecond
timescale) to coarse rate comodulation (on a timescale up to
seconds). We hypothesized that different types of correlation
may differ fundamentally in how they are generated and what
information they convey.

Propagation of correlated spiking depends on how individual
neurons respond to correlated input (sensitivity to correlation)
and whether groups of neurons respond with correlated output
(transfer of correlation) such that postsynaptic neurons them-
selves receive correlated input (Abeles, 1991; Aertsen et al., 1996;
Reyes, 2003). With respect to sensitivity to correlation, a critical
factor is whether neurons operate as integrators or coincidence
detectors: integrators respond to temporally dispersed inputs,
whereas coincidence detectors respond selectively to rapid depo-
larization caused by temporally coincident (synchronous) inputs
(Abeles, 1982; König et al., 1996). Operating mode (i.e., integra-
tion vs coincidence detection) reflects interplay between stimulus
kinetics and spike threshold mechanism (see Results). With re-
spect to the transfer of correlation, integrators spike repetitively
at a rate proportional to their time-averaged input, whereas co-
incidence detectors respond to each suprathreshold input with an
isolated spike—these spiking patterns are conducive to rate and
temporal coding, respectively (Mainen and Sejnowski, 1995; König
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et al., 1996; Salinas and Sejnowski, 2001; Schreiber et al., 2004;
Prescott et al., 2006; Prescott and Sejnowski, 2008; Tiesinga et al.,
2008). Importantly, the temporal precision with which an individual
neuron spikes should affect how synchronously a group of such
neurons will spike to shared inputs, which bears directly on transfer
of synchrony. Notably, neurons may be highly specialized for one
operating mode, but most exhibit a context-dependent combination
of modes (Maex et al., 2000; Rudolph and Destexhe, 2003; Prescott
et al., 2006; Hong et al., 2008).

Using computer simulations and dynamic-clamp experiments,
we identified different types of output correlation and investigated
how transfer of each type of correlation depends on the intrinsic
properties of cell pairs receiving correlated input. We show that pairs
of “realistic” coincidence detectors exhibit rate comodulation and
spike-time synchronization, whereas pairs of realistic integrators ex-
hibit only rate comodulation. Synchrony, unlike rate comodulation,
depends on spike-timing rather than rate. Rate- and synchrony-
based coding are thus shown to operate independently.

Materials and Methods
Stimulus preparation
We constructed stimulus waveforms using the same procedure as de la
Rocha et al. (2007). The stimulus I(t) for a given trial was the linear
summation of two Ornstein–Uhlenbeck (OU) processes (Uhlenbeck and
Ornstein, 1930) described by the following:

I�t� � � � ���c�c�t� � �1 � c��t��, (1)

where � and � are the mean and SD of the stimulus, and c is the input
correlation (i.e., the fraction of fluctuating input shared between neu-
rons) (see Fig. 1 A). The common component �c(t) was instantiated once
and applied to all trials, whereas the independent component �i(t) was
randomly updated for each trial. Each OU process was formed by the
following:

d� � �
�

�
dt � N���dt, (2)

where �(t) is Gaussian white noise with zero mean and unit variance.
Sampling rates were 10 and 5 kHz for experiments and simulations,
respectively. N� � (2/�) 1/2 is a normalization constant that makes �(t)
have unit variance. A correlation time � � 5 ms was used unless otherwise
indicated.

Model neurons and simulation procedures
Two conductance-based neuron models were used. We modeled the
integrator as a Morris–Lecar (ML) model with type 1 excitability
(Prescott et al., 2008a) and the coincidence detector as a Hodgkin–Hux-
ley low-sodium (HHLS) model with type 3 excitability (Lundstrom et al.,
2008). Equations for the ML model are as follows:

C
dV

dt
� � gL�V � EL� � gNam��V��V � ENa�

� gKn�V � EK� � I�t�, (3)

where

dn

dt
�

	

�n
�n� � n�,

m��V� � 0.5�1 � tanh�V � V1�/V2�,

n��V� � 0.5�1 � tanh�V � V3�/V4�,

�n�V� � 1/cosh�0.5�V � V3�/V4�. (4)

and gNa � 20 mS/cm 2, gK � 20 mS/cm 2, gL � 2 mS/cm 2, 	 � 0.15, V1 �
�1.2 mV, V2 � 18 mV, V3 � 0 mV, and V4 � 10 mV. The membrane
capacitance per area C was 2 �F/cm 2 and the surface area was 100 �m 2.

Equations for the HHLS model are as follows:

C
dV

dt
� � gL�V � EL� � gNam

3h�V � ENa�

� gKn4�V � EK� � I�t�, (5)

with activation variables m, n, and h governed by the following:

��V�
dz

dt
� z��V� � z,

�z �
1


 � �
, z� �





 � �
, z � m, n, h. (6)

where


m �
0.1�V � 40�

1 � exp� � 0.1�V � 40��
,

�m � 4 exp � � 0.556�V � 65��,


h � 0.07exp� � 0.05�V � 65��,

�h �
1

1 � exp � � 0.1�V � 35��
,


n �
0.01�V � 55�

1 � exp� � 0.1�V � 55��
,

�n � 0.125 exp� � 0.0125�V � 65��. (7)

gNa � 41 mS/cm 2, gK � 79 mS/cm 2, gL � 0.3 mS/cm 2, and the mem-
brane capacitance C � 1 �F/cm 2 and the surface area was 100 �m 2.

The filter-and-threshold (FT) model consisted of three components: a
linear filter to transform input to voltage, a voltage threshold, and an
afterhyperpolarization (AHP). For the filter, we used the time derivative
of a 15-ms-long Blackman filter, which was normalized to transform an
input with variance 1 pA 2 to an output with a variance 0.1 mV 2. The
threshold was 1 mV and the AHP inserted for each spike had �0.5 mV
amplitude and 30 ms decay time.

All simulations in conductance-based models were performed in
NEURON (Hines and Carnevale, 1997). Simulations in the FT model
were performed using custom Python scripts. All code will be made
available on ModelDB. Each stimulus condition (c, �, � 2) was repeated
2–10 times for 30 min of simulated time. All (c, �, � 2) combinations used
are summarized in Table 1. For Figure 5, the 100 –200 simulation runs
conducted for each model resulted in a very large amount of data, making
the calculation of correlations (from up to �40,000 pairs) computation-
ally challenging and the results difficult to present; therefore, we selected

Table 1. Stimulus conditions used for simulation of the integrator (ML),
coincidence detector (HHLS), and FT models

Model � (ms) Parameter No. of samples Minimum Maximum

Integrator 5 c 5 0.1 0.5
� (pA) 12 345 375
�2 (pA 2) 10 100 400

50 c 5 0.1 0.5
� (pA) 10 330 400
�2 (pA 2) 10 100 400

Coincidence
detector

5 c 5 0.1 0.5
� (pA) 18 �150 200
�2 (pA 2) 8 1000 2500

50 c 5 0.1 0.5
� (pA) 25 �100 100
�2 (pA 2) 10 400 4400

FT 5 c 5 0.1 0.5
� (pA) 1 0 0
�2 (pA 2) 30 100 7000
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only pairs having the same stimulus mean, which resulted in 1000 and
2500 pairs for the integrator and coincidence detector, respectively. This
criterion was not applied to experimental data (see Fig. 7) since there
were fewer trials.

Slice preparation and electrophysiology
Experimental protocols were approved by the University of Pittsburgh In-
stitutional Animal Care and Use Committee and have been previously de-
scribed (Prescott et al., 2006). Briefly, adult male Sprague Dawley rats were
anesthetized with intraperitoneal injection of sodium pentobarbital (50–75
mg/kg) and perfused intracardially with ice-cold oxygenated (95% O2 and
5% CO2) sucrose-substituted artificial CSF (ACSF) containing the following
(in mM): 252 sucrose, 2.5 KCl, 2 CaCl2, 2 MgCl2, 10 glucose, 26 NaHCO3,
1.25 NaH2PO4, and 5 kynurenic acid. The brain was rapidly removed and
sectioned coronally to give 300-�m-thick slices, which were kept in normal
oxygenated ACSF (126 mM NaCl instead of sucrose and without kynurenic
acid) at room temperature until recording.

Slices were transferred to a recording chamber constantly perfused with
oxygenated (95% O2 and 5% CO2) ACSF heated to 31 	 1°C. Pyramidal
neurons in the CA1 region of hippocampus were recorded in the whole-cell
configuration with
70% series resistance compensation using an Axopatch
200B amplifier (Molecular Devices). Membrane potential (after correction
for the liquid junction potential of 9 mV) was adjusted to �70 mV through
tonic current injection. Intracellular recording solution contained the fol-
lowing (in mM): 125 KMeSO4, 5 KCl, 10 HEPES, and 2 MgCl2, 4 ATP
(Sigma-Aldrich), 0.4 GTP (Sigma-Aldrich), as well as 0.1% Lucifer yellow;
pH was adjusted to 7.2 with KOH. Pyramidal morphology was confirmed
with epifluorescence after recording. All experiments were performed in 10
�M bicuculline methiodide (Sigma-Aldrich), 10 �M CNQX (6-cyano-7-
nitroquinoxaline-2,3-dione) (Sigma-Aldrich), and 40 �M D-AP-5 (D-2-
amino-5-phosphonovaleric acid) (Ascent Scientific) to block background
synaptic activity.

Stimuli (see above) were injected into the recorded neurons through the
patch pipette. To manipulate spike threshold mechanism (see Results), an
artificial “shunt” conductance (Eshunt � �70 mV, gshunt � 10 nS) was ap-
plied via dynamic clamp implemented with a Digidata 1200A ADC/DAC
board (Molecular Devices) and DYNCLAMP2 software (Pinto et al., 2001)
running on a dedicated processor as previously described (Prescott et al.,
2006; Prescott and De Koninck, 2009); update rate was 10 kHz. Traces were
low-pass filtered at 2 kHz and digitized at 10 kHz using a CED 1401 com-
puter interface (Cambridge Electronic Design).

Reverse correlation analysis
For simulation and experimental data, we calculated spike-triggered av-
erages (STAs) and covariance of stimuli (STC). The STA is simply the
average of the set of stimuli that led to spikes subtracted from the mean of
the prior stimulus distribution (i.e., the distribution of all stimuli inde-
pendent of spiking output). Here, to remove the ambiguities caused by
the temporal correlations, we used the fluctuating part of the unfiltered
stimulus, I�t� � ���c�c�t� � �1 � c�i�t��; in other words, we used
�(t) instead of �(t) (see Eq. 2). Therefore, we have the following:

STA�t� � �I�tspike � t��spike � �I�prior. (8)

The time window for the STA was 200 ms before each spike, which
captured most of the STA power. In a similar way, the STC and spike-
triggered correlation of stimuli (STCor) Q(t,t
) are given by Bialek and de
Ruyter Van Steveninck (1988) as follows:

STC�t,t
� � Covspike � Covprior

� ��I�tspike � t) � STA�t��

�I�tspike � t
� � STA�t
���spike � Covprior

� �I�tspike � t�I�tspike � t
��spike � STA�t�STA�t
�

� �I� � t�I� � t
��prior


Q�t,t
� � STA�t�STA�t
� � STC�t,t
�, (9)

where Covspike and Covprior are the covariance matrices of the spike-
triggered and prior stimuli, respectively. The STA and STCor were used
for predicting a cross-correlogram (CCG) in the first- and second-order
by Equations 29 and 31, respectively (see below, Predicting CCGs from
reverse correlation analysis). Predicted spike train covariance and corre-
lation were computed from the CCG in the same way as the measured
CCGs (see below).

Calculation of the measured CCG and correlation
We computed the CCGs of each spike train as follows. We started by
building a spike train from the spike times with a �t � 1 ms time bin
and computed the CCGs via the time-averaged unbiased empirical
correlation function (Perkel et al., 1967): when a spike train for neu-
ron i and kth repetition is yi,k(t), the cross-correlogram is given by the
following:

CC��� � CCF��� � CCFshuffle���,

CCF��� � �y1�0�y2����

�
1

Nrepeat�t�L � ���� �
k�1

Nrepeat �
0

L��

y1,k�s�y2,k�s � ��ds,

CCFshuffle��� � �y1�0�y2����shuffle

�
1

Nrepeat�t�L � ���� �
k�1

Nrepeat �
0

L��

y1,k�s�y2,k�1�s � ��ds, (10)

where Nrepeat is the number of repetitions, and L is the length of the spike
trains and yi,Nrepeat�1 � yi,1.

From Equation 10, we computed the correlation of the spike-counts
with the time window of size T as follows:

ni,k�t� � �
0

T

yi,k�t � ��d� � �
��

�

yi,k�t � ���T���d�.

(11)

�T is a window function giving �T(t) � 1 if 0 � t � T and �T(t) � 0
otherwise. The shift correlator computes the covariance as follows:

CT � �n1�t�n2�t�� � �n1�t�n2�t��shuffle, (12)

and the correlation coefficient is given by 
T � CT/(C1C2) 1/2 where the
auto-covariance of each neuron Ci (i � 1,2) was calculated in the same
way. Equations 10 and 12 are related as follows:

�n1�t�n2�t�� � �
��

�

CCF����T���d�

�n1�t�n2�t��shuffle � �
��

�

CCF���shuffle�T���d�, (13)

where �T(t) is a triangular window function such that �T(t) � �T � t� if
�T � t � T and �T(t) � 0 otherwise (Bair et al., 2001). Therefore, CT as
well as 
T were computed from CCGs via Equation 13.

In our analysis, we always computed the full CCGs and tried to analyze
their behavior both at long and short timescales. The time window size T
was not as important as in de la Rocha et al. (2007); therefore, in every
case, we used T � 200 ms and dropped T from the notations.

Statistical analysis
We calculated the variance of the covariance, Var[C], by computing the
bootstrap statistics of �y1(0)y2(�)�shuffle in Equation 10; at each step, we
constructed a resampled cross-correlogram �y1(0)y2(�)�resample by ran-
dom resampling from �y1(0)y2(�)�shuffle and computed �n1n2�resample by
Equation 12. We collected 400 �n1n2�resample with which the variance
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became stable. The Var[C] is taken as this resample variance and C is also
recalibrated with the resample mean as follows:

Var�C� � Var��n1n2�resample],

C 3 C � E��n1n2�resample]. (14)

For experimental data in Figure 7B–D, t scores were calculated from C
and Var[C]. However, as for the simulation data, we could arbitrarily add
more repetitions to suppress Var[C] down to sufficiently low level. For
the analytic prediction, Var[C] could be computed in a similar way, but
it was always insignificant (�1% of the covariance) for both experimen-
tal and simulation data.

In Figures 5 and 7, we evaluated the predictive power of the predicted C in
terms of the coefficient of determination, R2, defined by the following:

R2 � 1 �
��Measured C/c� � �Predicted C/c�]2

���Measured C/c� � E��Measured C/c���2
.

(15)

By definition, R 2 � 1 signifies the perfect match, while the prediction has
no correlation with the measured C when R 2 � 0. In some cases, R 2 � 0,
and this signifies that the predictions in fact diverge away from the data
with a different average.

Predicting CCGs from reverse correlation analysis
Here, we derive the first- and second-order prediction presented as
Equations 29 –32 in Results by using the reverse correlation analysis of
the linear–nonlinear (LN) cascade model (Victor and Shapley, 1980;
Meister and Berry, 1999). The LN model is composed of two stages: first,
the stimulus I(t) was linear filtered by the relevant features of the model
{�
} (
 � 1, 2, . . . , D), and the probability to spike at the given time bin
[t, t � �t], P(spike�x) where

x
 � �
0

�

�
�t
�I�t � t
�dt
. (16)

Here, as above (see Reverse correlation analysis), we use the unfiltered
stimulus I�t� � ���c�c�t� � �1 � c�i�t��. Since the actual injected stim-
ulus and I(t) are linearly related, STA and STCor have the same temporal
correlation as the actual stimulus, and, consequently, the temporal cor-
relation naturally shows up in the predicted CCGs; for example, compare
predicted CCGs for � � 5 and 50 ms in Figure 5B.

We follow the same derivation as in the study by de la Rocha et al.
(2007): the common noise part �I � �c��c will be regarded as the per-
turbation on top of I0 � I(t)�c�0 and the comodulated part of the firing
rate will be determined by Wiener series expansion in �I.

First-order prediction (see Results, Eqs. 29, 30). The firing rate change
induced by a small perturbation I03 I0 � �I can be approximated as
follows:

P�spike� � P�spike��I�0�1 �
1

�2 �
0

�

STA�t
��I�t � t
�dt
	,

(17)

where �I(t) has Gaussian statistics with a variance � 2 (Rieke et al., 1999;
Hong et al., 2008). STA represents the spike-triggered average of stimuli.
Then the correlation function of q(t) � P(spike at t) is as follows:

��q1�0� � �q1���q2��� � �q2���

�
�q1��q2�

�1
2�2

2 �
0

�

STA1(t
)STA2�t

���I1� � t
��I2�� � t

��dt
dt



�
c�q1��q2�

�1�2
�

0

�

STA1�t
�STA2�t
 � ��dt
, (18)

where ��I1(0)�I2(�)� � c�1�2�(�) if �Ii � �c��c. This is essentially the
same derivation of the correlation– gain relationship based on the
linear response theory (de la Rocha et al., 2007; Hong et al., 2008)
since the STA is the linear kernel relating the stimulus and firing rate
as in Equation 17.

We now define the firing rate v(t) � q(t)/�t and the predicted cross-
correlogram for each pair as follows:

CCGfirst order�t� � c
v1v2

�1�2
�STA1�t
�STA2�t � t
�dt
, (19)

which is Equation 29 in Results. Furthermore, if we use the identity
(Chialvo et al., 1997; Hong et al., 2008),

�
�v

��
�

v

� � STA�t�dt, (20)

the firing rate covariance is given by the following:

Cfirst order � �d���v1�0� � �v1���v2��� � �v2���

� c
v1v2

�1�2
�� STA1�t�STA2�t � t
�dtdt


� c
v1v2

�1�2
�� STA1�t�dt	��STA2�t

�dt

	

� c�1�2

�v1

��1

�v2

��2
. (21)

where we changed the variables in the third line as t� � t � t
. The last line
is equivalent to the original relationship between the correlation and gain
(see Results, Eq. 30) (de la Rocha et al., 2007; Shea-Brown et al., 2008).

Second-order prediction (see Results, Eqs. 31, 32). When we include the
second-order term in Equation 17, we obtain the following (Rieke et al.,
1999; Hong et al., 2008):

P�spike� � P�spike��s�0�1 �
1

�2 �
0

�

STA�t
��I�t � t
�dt


�
1

2!�4 �
0

��
0

�

Q�t1, t2��I�t � t1��I�t � t2�dt1dt2	 ,

(22)

where Q(t1,t2) is the STCor in Equation 9. The contribution to the
CCG, Equation 31 in Results, is obtained in a straightforward way, as
follows:

�CCGsecond order�t� � c2
v1v2

2�1
2�2

2 ��Q1�t1,t2�Q2�t1 � t, t2 � t�dt1dt2.

(23)

Note that we excluded the self-contraction to generate a proper Wiener
series (Rieke et al., 1999).
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In particular, when we have the same input condition, �1 � �2 � �
and �1 � �2 � �, for the same type of neuron as in Figures 3 and 6, the
peak height at t � 0 is given by the following:

CCGfirst�second order(0) � c
v2

�2 � STA�t�2dt

� c2
v2

2�4 �� Q�t1, t2�
2dt1dt2. (24)

Furthermore, we consider the case when the neuron is effectively
well described by a single preferred spike-evoking stimulus feature
(PSESF), �(t), such as when the neuron functions almost as a pure
integrator or a pure coincidence detector. In this case, Q(t1,t2) can be
written as Q(t1,t2) � Y(t1)Y(t2), where Y(t) � �(t), and therefore

�CCGsecond order�0� � c2
v2

2�4 ��Y�t1�
2Y�t2�

2dt1dt2

� c2
v2

2�4��Q�t1, t1�dt1	��Q�t2, t2�dt2	. (25)

From �Q�t1, t1�dt1 � �3��v/���/v (Hong et al., 2008), the predicted
peak height becomes

CCGfirst�second order�0� � CCGfirst order�0� �
1

2
c2�2��v

��	
2

, (26)

which is equivalent to Equation 32 in Results. Therefore, the firing
rate gain with respect to stimulus variance contributes to the CCG
peak height.

Note in the case of a single PSESF that the input mean and variance
sensitivity of the firing rate are related as follows (Hong et al., 2008):

�v

��
�

�

�� 2 �
�2v

��2, (27)

where

�� � � ��t�dt (28)

Therefore, when �� � 0, as in the pure integrator, the contribution of the
peak to the correlation is suppressed compared with the first-order pre-
diction, Equation 30. In the pure coincidence detector, on the other
hand, �� � 0, but firing rate � is also independent of � (see Fig. 6 B),
which can still make ��/�� finite. Therefore, the predicted correlation in
the pure coincidence detector [based on Eqs. 29, 30, and �(�) � con-
stant] (Barreiro et al., 2010) will be profoundly modified by the
quadratic-order approximation (see Results, Simulations in a phenom-
enological coincidence detector model).

Results
When two or more neurons receive correlated (i.e., shared) in-
put, their output spike trains should exhibit some correlation
despite the effects of independent input (Fig. 1A). Spike train
covariance C and the correlation coefficient 
 (i.e., C normalized
by spike train variance) should, therefore, carry information
about the input correlation c. However, de la Rocha et al. (2007)
showed that the relationship between input and output correla-
tion (denoted correlation susceptibility S � 
/c) depends on the
mean � and variance � 2 of the input (Fig. 1B). This is important
because stimulus-dependent changes in S prevent one-to-one
mapping between input correlation and output correlation.
Correlation-based coding is straightforward if S is independent
of � and � 2 (Fig. 1C, left), but it is compromised or requires a

more complicated decoding scheme if S varies with � and � 2 (Fig.
1C, right).

One way of understanding why this occurs is that, for a given
input correlation, output correlation will vary depending on the
sensitivity (i.e., gain) of the firing rate � of each neuron with
respect to the stimulus mean �: if stimulus fluctuations occur
within a steep region of the �–� curve, rate will fluctuate widely in
each cell and the pair will exhibit large comodulated rate fluctu-
ations, whereas stimulus fluctuations within a shallow region of
the �–� curve will logically drive smaller comodulated rate fluc-
tuations (Fig. 1D). Consequently, 
 “inherits” the same tuning as
�(�), even when c is fixed; under these conditions, c cannot be
unambiguously decoded from 
 without knowledge of �. This
line of reasoning triggered three concerns: (1) it applies to rate
comodulation but not necessarily to spike-time synchronization,
and thus it neglects one component of output correlation; (2) it
implicitly assumes that input fluctuations are “noise” rather than
“signal”; and (3) output rate and synchronization (i.e., correla-
tion based on spike-time synchronization as opposed to rate
comodulation) are liable to be tuned to different stimulus prop-
erties. This led us to our overall hypothesis that some cell types
may encode signal-dependent fluctuations with precise spike-
time synchronization and can do so independently of rate-based
coding of other stimulus features.

The dependence of output rate � on input parameters � and �
differs fundamentally between cell types, as shown in Figure 2 for
our conductance-based models: � is principally sensitive to � in
the case of integrators, whereas it is also very sensitive to � in the
case of coincidence detectors (Higgs et al., 2006; Arsiero et al.,
2007; Lundstrom et al., 2008). For simulations reported here,
input was treated as a continuous stream rather than as discrete
synaptic inputs (Destexhe et al., 2001); nonetheless, � reflects
coordinated fluctuations in presynaptic activity (Fellous et al.,
2003), the temporal structure of which is reflected in the autocor-
relation time � (shorter � implies more precise synchrony), while
c specifies the proportion of inputs shared between two postsyn-
aptic neurons. The first two parameters, � and �, affect the tem-
poral precision of spiking in each postsynaptic neuron, while c
affects correlation across neurons—all three parameters ulti-
mately affect output synchrony.

The greater sensitivity of coincidence detectors to input syn-
chrony relative to integrators (Fig. 2A,B) is a direct consequence
of active membrane properties: activation of outward current (or
inactivation of inward current) at perithreshold potentials helps
ensure spike generation selectively in response to fast stimulus
fluctuations (i.e., synchronous inputs), whereas perithreshold-
activating inward current (or inactivating outward current)
encourages repetitive spiking in response to constant or slow-
changing input (Fourcaud-Trocmé et al., 2003; Svirskis et al.,
2004; Higgs et al., 2006; Arsiero et al., 2007; Lundstrom et al.,
2008; Prescott et al., 2008a). Differential sensitivity to input syn-
chrony can be demonstrated most succinctly by contrasting
which stimulus features preferentially elicit spikes in each cell
type. We estimated the preferred spike-eliciting stimulus feature
as the spike-triggered-averaged stimulus (STA) of the response of
each cell to noisy input (see examples in Fig. 2B). The integrator
exhibits a relatively broad, monophasic STA (Fig. 2C, left),
whereas the coincidence detector exhibits a biphasic STA with a
positive phase that is remarkably narrow (Fig. 2C, right).

The shape of the STA should, in theory, relate directly to the
cross-correlation of output spiking given that the CCG is the overlap
integral of the STA of each neuron, according to the first-order ap-

Hong et al. • Neuron Properties Impact Correlation-Based Coding J. Neurosci., January 25, 2012 • 32(4):1413–1428 • 1417



proximation in c (see Materials and Methods) (de la Rocha et al.,
2007), as follows:

CCGfirst order�t� � c
v1v2

�1�2
�STA1��� � STA2�t � ��d�.

(29)

Hence, the broad monophasic integrator STA predicts a broad
monophasic CCG for pairs of integrators (Fig. 2D, left), whereas
the narrow biphasic coincidence detector STA predicts a narrow
biphasic CCG for pairs of coincidence detectors (Fig. 2D, right).
Using the relationship between the STA and firing rate, the cova-
riance C of the output spike count is as follows (see Materials and
Methods):

C � �CCG�t�dt � c�1�2

�v1

��1

�v2

��2
, (30)

which is consistent with the study by de la Rocha et al. (2007)
because sensitivity (or gain) of � with respect to � is the dominant
factor determining the degree of correlated spiking given a cer-

tain degree of input correlation (Fig. 1D). Strong dependence of
the relationship between 
 and c (i.e., correlation susceptibility S)
on � is not conducive to correlation-based coding (Fig. 1C,
right). However, the STA does not always accurately represent
the preferred spike-eliciting stimulus feature (this occurs when
spike generation is sensitive to higher-order stimulus statistics),
which invalidates predictions based on Equation 29 in certain
cases (see below).

We therefore set out to identify (1) whether and how correla-
tion susceptibility S(�,�) differs between integrators and coinci-
dence detectors, (2) what the consequences of such differences
are for correlation-based coding, and (3) precisely why the stim-
ulus dependence of S differs between cell types.

Simulations in conductance-based integrator and coincidence
detector models
To compare the correlation susceptibility S (�
/c) of integrators
and coincidence detectors, we conducted a series of numerical
simulations using pairs of model neurons receiving a mix of cor-
related and independent input (Fig. 1A). For each neuron type,
we varied mean � under high- or low-variance � 2 conditions,
and evaluated the output rate � and correlation 
 (Fig. 3). As

A

B C

D

Figure 1. Relationship between input and output correlation. A, Stimulation paradigm in which neurons 1 and 2 receive fluctuating input I1, I2, with mean �1, �2, and variance �1
2,

�2
2. Fluctuating input was modeled as an Ornstein–Uhlenbeck process with � � 5 ms. Some fraction of that input is shared, or correlated, as defined by the input correlation c. Output

firing rate �1, �2, and the output correlation coefficient 
 (�spike train covariance C normalized by variance) were measured. B, Plotting output correlation 
 against input correlation
c shows how much correlation is transferred by the pair of neurons. The slope of that curve, denoted correlation susceptibility S, is �1 but has been shown to depend on input parameters
� and � (de la Rocha et al., 2007). C, Input correlation c can only be unambiguously decoded from 
 (without knowledge of other input parameters) if S does not vary with other input
parameters. The dashed curves on the bottom plots show horizontal cross-sections through 3-D plots (top) at different �. An invariant 
–c relationship (left) is conducive to good
correlation-based coding, whereas a variable relationship (right) is not unless a more complicated decoding scheme is invoked. D, If � is tuned to �, then fluctuations around � will
produce fluctuations in � whose magnitude depends on ��/��. If neurons 1 and 2 receive input with correlated fluctuations, �1 and �2 will be comodulated. Amplitude of �
comodulation naturally depends on ��/��, rendering 
 and � cotuned to �. In that scenario, rate comodulation will not provide information about � beyond that already provided by
rates �1 and �2, but this does not rule out spike-time synchronization providing information about � if input fluctuations are considered signal rather than noise.
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illustrated in Figure 2A, maximal � differs between cell types and
between � conditions, which leads to unavoidable differences in
the range of � on each panel of Figure 3. Nevertheless, the �(�)
curves (gray) are similarly shaped in all four conditions. If 

simply inherited the same tuning as � with respect to �, then 
(�)
curves should also be similarly shaped— clearly, they are not.

As expected for integrators, 
/c increased to a maximum �1 as
� was increased in both the high and low � cases (Fig. 3A, top). In
coincidence detectors, however, a similar pattern was observed in
the low � case, but not in the high � case, in which 
/c decreased
after reaching a peak (Fig. 3A, bottom). Figure 3B shows the same
data replotted with � on the x-axis. For coincidence detectors
receiving high � input, the correlation–rate relationship was
strongly negative at high rates. The same coincidence detectors
receiving low � input exhibited little change in correlation across
most of the (albeit narrow) range of firing rates, which implies
that S is not significantly dependent on � or � in this cell type

under these conditions. This property should be conducive to
good correlation-based coding (see below).

To investigate how the stimulus dependence of S affects
correlation-based coding by integrators and coincidence detec-
tors, we measured 
 in response to different combinations of c
and � (Fig. 4A). As predicted, S was strongly dependent on � in
the case of integrators, which caused encoding of c by 
 to be
ambiguous; in contrast, S was relatively unaffected by � in the
case of coincidence detectors, consistent with good correlation-
based coding (compare Fig. 1C). Notably, Equation 29 failed to
accurately predict 
 in the case of coincidence detectors (Fig. 4A,
inset) despite having worked in the case of integrators (see
below).

Small values of 
 observed among coincidence detectors stem
from the shape of coincidence detector CCGs, which are narrow
and biphasic, unlike integrator CCGs, which are broad and
monophasic (Fig. 4B; compare prediction in Fig. 2D). Small val-

A

B

C

D

Figure 2. Integrators and coincidence detectors are sensitive to different stimulus statistics. Data here are based on simulations in conductance-based models (see Materials and Methods). A, In
the integrator (left), � was sensitive to � but was relatively insensitive to �, whereas � was sensitive to both � and � in the coincidence detector (right). The insets highlight the differential ability
of each cell type to encode �; black and gray curves correspond to arrows on �–� plots. Notably, firing rate variation with � may reflect the rate of brief, suprathreshold input events rather than
the (rate-encoded) magnitude of those events. B, Sample traces show differential responsiveness of each cell type to constant and fluctuating input. The coincidence detector responds preferentially
to fast stimulus transients because its voltage-dependent currents implement a high-pass filter. The integrator also responds to fast stimulus fluctuations, but its voltage-dependent currents
encourage repetitive spiking even when input is constant. C, The differential requirements for spike generation are evident from the spike-triggered-averaged response (STA) to fluctuating input.
D, The CCG corresponds to the overlap integral of the STA from each neuron within a pair. Therefore, pairs of integrators are predicted to exhibit broad, monophasic CCGs (left), whereas pairs of
coincidence detectors are predicted to exhibit narrow, biphasic CCGs based on the typical shape of their STA (right).
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ues of 
 do not imply that synchrony
transfer will fail, because downstream coin-
cidence detectors prefer tall, narrow CCGs
among their upstream neurons rather than
short, broad CCGs, regardless of the abso-
lute magnitude of 
 (S. Hong, S. A. Prescott,
and E. De Schutter, unpublished observa-
tions). To summarize, correlation-based
coding is viable despite small 
 as long as the
relationship between 
 and c is insensitive to
other stimulus features like �. These data
demonstrate the feasibility of correlation-
based coding among coincidence detectors.

Next, we asked why S(�,�) differs be-
tween integrators and coincidence detec-
tors. In all panels of Figure 3, 
/c values
predicted from Equation 29 were plotted
for comparison with measured 
/c values.
The derivation of Equation 29 is based on
linear response theory and requires sev-
eral assumptions that are not strictly met
in our simulations such as very small c.
However, despite comparable stimulus
parameters and identical methods used to
calculate output correlation, Equation 29
predicted most of the output correlation
observed for integrators but only a frac-
tion of that observed for coincidence de-
tectors. In the latter case, the degree of
inaccuracy appeared to depend on �. We
reasoned that identifying why Equation
29 fails to accurately predict output corre-
lation in coincidence detectors, especially
under certain stimulus conditions, would
help identify how correlated spiking in
coincidence detectors differs from that
in integrators.

To test the accuracy of the prediction,
we plotted predicted covariance against
measured covariance in Figure 5. If pre-
diction by Equation 29 were consistently
accurate (i.e., for all stimulus conditions),
all data points would lie along the diago-
nal line. Figure 5A illustrates the consis-
tent accuracy of the prediction for pairs of
integrators versus its inconsistency for
pairs of coincidence detectors. These data
represent responses to a broad range of
different � and �. The important observa-
tion is that the first-order prediction was
reasonably accurate for all stimulus con-
ditions in the case of integrators, whereas
it was grossly inaccurate for many stimu-
lus conditions in the case of coincidence detectors. Whereas Fig-
ure 3 illustrates stimulus conditions for which prediction by
Equation 29 is good or bad, Figure 5 focuses on why Equation 29
sometimes fails to predict output correlation among coincidence
detectors. By plotting covariance C rather than the correlation
coefficient 
, Figure 5A confirms that the prediction error seen
for coincidence detectors is not attributable to autovariances in
the spike train. Sample CCGs (Fig. 5A, right) reveal that the pre-
dicted CCG differs most from the measured CCG at the central
peak; this is true for both integrators and coincidence detectors,

but it translates into a larger discrepancy in predicting overall
output correlation as the CCG gets narrower. Thus, these data
qualitatively confirmed our starting predictions and identified a
quantitative shortfall in the ability of Equation 29 to predict out-
put correlation, especially in coincidence detectors.

In addition to reflecting the stimulus features to which each
cell type is most sensitive, we reasoned that the width of the CCG
also reflects the autocorrelation time of the correlated signal
(which can be taken to reflect the temporal precision of spiking in
presynaptic neurons) (see above). Therefore, we lengthened �

A

B

Figure 3. Output correlation is sensitive to stimulus variance in coincidence detectors, unlike in integrators, and has a variable
relationship with output rate. A, Using the same conductance-based models as in Figure 2, the integrator (top) and coincidence
detector (bottom) were stimulated with high- and low-variance input: �high

2 � 400 pA 2 and �low
2 � 100 pA 2 for the integrator;

�high
2 � 2000 pA 2 and �low

2 � 520 pA 2 for the coincidence detector. Output rate � and correlation 
 measured from simulations
(E) together with 
 predicted from Equation 29 (�) were plotted against input mean �. In B, 
 was replotted against � to
visualize the correlation–rate relationship. The range of � (gray) varies between panels because of differences in maximal firing
rate across cell types and stimulus conditions (Fig. 2 A). For the integrator, 
 increased with � and was quite accurately predicted
by Equation 29 in both the high- and low-variance conditions. For the coincidence detector, 
 decreased for � 
 10 Hz in the
high-variance condition, which was only qualitatively predicted from Equation 29, and the prediction was even less accurate in the
low-variance condition. These results demonstrate that output correlation in coincidence detectors is higher than predicted on
the basis of rate comodulation, and is accentuated under stimulus conditions in which ��/�� is low. Given that rate comodulation
should be minimized under those conditions (Fig. 1 D), correlation in excess of the prediction might be attributable to some
mechanism other than rate comodulation. In every case, input correlation was c � 0.3.
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from 5 to 50 ms for simulations in Figure 5B based on the hy-
pothesis that widening the CCG might reduce the prediction er-
ror. As expected, lengthening � improved the prediction for both
integrators and coincidence detectors but, whereas the CCG for
the integrators was dramatically widened, the CCG for coinci-
dence detectors remained narrow and the prediction still exhib-
ited a sizeable error near the peak of the CCG. To determine
whether prediction error near the peak of the CCG was sufficient
to explain the discrepancy observed on the measured versus pre-
dicted C plots, we removed data within 	2 ms of the peaks of all
coincidence detector CCGs and replotted the data for � � 5 ms—
this amounts to preferentially removing precisely synchronized
spikes from the calculation of total output correlation. The result
was a near-perfect prediction by Equation 29 (Fig. 5C), meaning
the prediction error near the peak of narrow CCGs was sufficient
to explain the failure of the prediction in coincidence detectors
for all input conditions for which the original prediction was
poor.

Next, we investigated (1) whether and how the original pre-
diction might be improved so that the predicted CCG would
more accurately match the measured CCG for coincidence detec-
tors at the central peak, and (2) whether this would improve the
measured versus predicted C plots (as expected given the results

in Fig. 5C). We reasoned that if coincidence detectors are sensi-
tive to stimulus variance (Fig. 2), then the prediction (Eq. 29)
should take into account how stimulus variance affects spike gen-
eration. Therefore, we incorporated a second-order term into the
prediction based on the following:

�CCGsecond order�t�

�
c2v1v2

2�1
2�2

2 ��Q1��1, �2�Q2��1 � t, �2 � t�d�1d�2, (31)

where Q(t,t
) is the spike-triggered correlation of the stimuli
(STCor) (see Materials and Methods for derivation). Total out-
put correlation should thus be predicted by the combination of
Equations 29 and 31. For conditions in which input statistics and
preferred spike-eliciting stimulus feature are equal, Equation 31
predicts the additional peak height as follows:

�CCGsecond order�0� �
c2

2
�2��v

��	
2

. (32)

Using Equation 31, we find that the coincidence detector CCG
was much better predicted at its central peak (Fig. 5D, right) and

A

B

Figure 4. Correlation-based coding by integrators and coincidence detectors. A, We measured output correlation 
 in response to different combinations of mean � and input correlation c (top).
Curves on 2-D plots correspond to horizontal cross-sections, at different �, through 3-D plots (bottom; compare Fig. 1C). Tight clustering of 
–c curves despite differences in � is conducive to good
correlation-based coding by coincidence detectors (right), which contrasts to the broad distribution of those curves for integrators (left). Equivalent plots for the coincidence detector based on
prediction by Equation 29 (inset) shows that the first-order prediction clearly fails to account for output correlation among coincidence detectors. Noticeably, 
 is smaller among coincidence
detectors than among integrators. This stems from differences in the CCG, typical examples of which are shown in B based on measurement from pairs of each cell type with the same mean firing
rate of 12 Hz; c �0.3. These measured CCGs confirmed CCG shapes predicted in Figure 2 D. Small values of 
 do not necessarily compromise synchrony transfer and correlation-based coding, whereas
stimulus-dependent variability in S does (see text). In parts A and B, � 2 � 100 pA 2 for the integrator and � 2 � 1000 pA 2 for the coincidence detector.
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A

B

C

E

D

F

Figure 5. Sensitivity to second-order stimulus statistics explains why the first-order prediction cannot fully account for output correlation in coincidence detectors. A, Measured output covariance
normalized by input correlation (C/c) was plotted against predicted C/c for conductance-based integrator and coincidence detectors models receiving fluctuating input (�� 5 ms) for a broad range
of � and � values. Prediction is based on Equation 29. The arrows point to data points for which sample CCGs are shown (right). Consistently accurate prediction (i.e., for all stimulus conditions)
would be evident from points clustering around the line, which is seen for the integrator (R 2 � 0.97) but not for the coincidence detector (R 2 � �0.94). Predicted CCGs (black) deviated from
measured CCGs (color) mostly around the central peak. This prediction error impacts the total output correlation for the coincidence detector more significantly than for the integrator because the
CCG of the former is biphasic, which causes the predicted C to almost vanish. B, Same plots as in A but with slowly fluctuating input (� � 50 ms). The integrator CCG broadened and resulted in
improved prediction, but the coincidence detector CCG remained narrow and with still a sizable deviation from prediction. C, Given that the first-order prediction deviated from measured correlation
primarily near the central peak of the CCG, we removed data 	2 ms around that peak and replotted measured versus predicted C/c based on data for � � 5 ms input. After removing the “excess”
synchronization near the CCG peak, the first-order prediction was very accurate for coincidence detectors (R 2 � 0.98), meaning that Equation 29 fails specifically to explain (Figure legend continues.)
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measured C was accurately predicted for a broad range of input
conditions (Fig. 5D, left). Successfully modifying our quantita-
tive prediction by incorporating Equation 31 argues that the dif-
ference in threshold mechanism is critical insofar as spike
generation in integrators is preferentially sensitive to first-order
stimulus statistics, whereas spike generation in coincidence de-
tectors is also sensitive to second-order stimulus statistics (Fig. 2).
On a more practical note, our ability to modify our quantitative
prediction so that it works consistently (i.e., for all stimulus con-
ditions) for integrators as well as for coincidence detectors con-
firms that we did not violate any fundamental assumption to the
point of invalidating the prediction as a whole.

In principle, the second-order contribution (Eq. 31) can de-
crease much more quickly than the first-order prediction (Eq. 29)
as the input correlation c becomes smaller. However, we found
that the first-order prediction remained inconsistent for coinci-
dence detectors even at relatively small values of c (Fig. 5E, left)
and that including second-order terms significantly improved
that prediction (Fig. 5E, right). In fact, measured C was closely
matched by the second-order prediction across a broad range of
c, and both were much larger than the first-order prediction ex-
cept for very small c (Fig. 5F), proving that our result is not an
artifact of large input correlations.

The nonlinear contribution to precise spike-time synchrony is
not necessarily limited to second-order terms, and indeed the
remaining systematic deviations from our second-order predic-
tion in Figure 5, D and E, suggest that even higher-order terms
contribute to synchrony, although that contribution is evidently
quite small. Quantifying the nth order nonlinearity becomes
more difficult for higher n, as the dimensionality of the nth mo-
ment of the spike-triggering stimuli rapidly increases, and was
considered beyond the scope of the present study.

Simulations in a phenomenological coincidence detector
model
For the conductance-based models described above, the differ-
ence in threshold mechanism between integrators and coinci-
dence detectors derives from distinct spike initiation dynamics
(Prescott et al., 2008a). Based on results from phenomenological
models without “dynamics” (de la Rocha et al., 2007), one might
suspect that the specific dynamics of the cell model are not vital
for the correlation–rate relationship. The type of threshold and
the dynamical mechanism responsible for “thresholding” are in-
extricably linked, but, nonetheless, to test whether the type of
threshold is critical rather than the dynamics per se, we con-
structed a phenomenological coincidence detector model com-
prising a filter and threshold in which the filter is biphasic, like the
STA in our conductance-based coincidence detector model (Fig.

6A; compare Fig. 2C). In this dynamics-free model, � was com-
pletely independent of � but varied with � (Fig. 6B; compare Fig.
2A, right)—in effect, this model constitutes an “ideal” coinci-
dence detector. Despite the first-order prediction (i.e., Eq. 29)
that there should be no output correlation (given that ��/�� � 0)
(Barreiro et al., 2010), pairs of ideal coincidence detectors receiv-
ing correlated input did indeed exhibit correlated spiking (Fig.
6C, left). Moreover, sample CCGs (Fig. 6C, right) were compa-
rable in shape to those of the conductance-based coincidence
detector model (compare Figs. 4, 5). Furthermore, the same pre-
diction error was observed near the peak of the narrow CCGs
when applying Equation 29, but our quantitative prediction was
near-perfect when second-order terms (Eq. 31) were included.
Overall, these results argue that the type of threshold used by a
pair of neurons receiving correlated input will impact the corre-
lation in their output.

To summarize results up to this point, ideal coincidence de-
tectors (exemplified by our FT model) exhibit correlations aris-
ing solely from spike-time synchronization. In contrast, more
realistic coincidence detectors (exemplified by our conductance-
based HHLS model) exhibit a mixture of spike-time synchroni-
zation and rate comodulation, whereas realistic integrators
(exemplified by our conductance-based ML model) exhibit
mostly rate comodulation. The timescales of these two types of
output correlation differ but nonetheless overlap. More impor-
tantly, the two types of output correlation exhibit fundamentally
different sensitivities to firing rate: rate comodulation varies with
firing rate, whereas spike-time synchronization does not. We
predicted that real neurons should exhibit rate comodulation and
spike-time synchronization if those neurons operate at least par-
tially as coincidence detectors and, moreover, that the predomi-
nance of each type of output correlation will depend on the
balance of operating modes.

Experiments in CA1 pyramidal neurons made to behave
preferentially as integrators or coincidence detectors via
manipulation of threshold mechanism by dynamic clamp
Integrators and coincidence detectors are found throughout the
nervous system but tend to exhibit specializations beyond thresh-
old mechanism. Because those additional specializations could
confound our comparison of correlation susceptibility, we chose
to compare correlation susceptibility in a single type of neuron
whose threshold mechanism was experimentally manipulated
such that the neuron behaves preferentially as an integrator or
coincidence detector.

Pyramidal neurons, including those in the CA1 region of hip-
pocampus, display the hallmarks of integrators when recorded in
acute brain slices but behave more like coincidence detectors
upon introduction of a virtual leak conductance by dynamic
clamp (Fig. 7A), consistent with a predicted switch in threshold
mechanism (Prescott et al., 2006, 2008b). Thus, by manipulating
the membrane properties of CA1 pyramidal neurons, we were
able to compare correlation susceptibility in a single cell type
operating preferentially in one or the other mode—the shift in
operating mode is quantitative, not absolute. In the interests of
comparing experimental and simulation data [and to compare
with past studies (de la Rocha et al. (2007)], we applied the same
stimulation paradigm used in simulations (i.e., noisy current in-
jection) together with the simplest dynamic-clamp manipulation
capable of switching the threshold mechanism (i.e., constant leak
conductance).

Compared with STAs in the integrator-mode (Fig. 7A, left),
STAs in the coincidence detector-mode (Fig. 7A, right) had a

4

(Figure legend continued.) precisely synchronized spikes. D, Equation 31 describes a second-
order correction based on c 2. Prediction based on first- and second-order statistics (i.e., Eqs. 29,
31) gave dramatically improved accuracy near the peak of the coincidence detector CCG. Similar
albeit smaller improvement was observed for the integrator (data not shown). According to the
measured versus predicted C/c plot, inclusion of second-order terms could largely account for
output correlation in the coincidence detector where the first-order prediction had failed. In
A–D, input correlation c � 0.5. E, Same plots as in A and D for the coincidence detector but with
input correlation c � 0.2. The red arrows indicate the same data marked in A and D. F, Success
of the second-order prediction in accounting for measured output covariance across a broad
range of input correlations, compared with failure of the first-order prediction, argues that
output covariance among coincidence detectors is dominated by second-order terms except
when input correlation c is extremely small (��0.1). These show that the results in A–E qual-
itatively hold for a wide range of input correlation.
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higher peak height, and were therefore
steeper than integrator STAs, but the neg-
ative phase was far less prominent than
in STAs from our coincidence detectors
models (compare Fig. 2C). This is likely
due to spike initiation in real neurons be-
ing influenced by more currents with gat-
ing variables spanning a broader range of
timescales than were included in our min-
imal conductance-based models. In any
case, as we would predict, the steep weakly
biphasic STAs are consistent with the nar-
row weakly biphasic CCGs observed for
pyramidal neurons in the coincidence
detector-mode (see below). Most impor-
tantly for our purposes, firing rate gain
with respect to �, which is proportional
to how biphasic the STA is (Eq. 20), was
significantly lower in the coincidence
detector-mode compared with the de-
fault integrator-mode (0.14 	 0.041 vs
0.05 	 0.016 Hz/pA; p � 0.01, t test),
whereas firing rate gain with respect to �
was similar between modes (0.034 	
0.022 vs 0.022 	 0.011 Hz/pA), which
means ��/�� was, relative to ��/��, higher
in the coincidence detector-mode (0.25 	
0.16 vs 0.50 	 0.29; p � 0.01, t test). This is
consistent with the differential response
properties reported for the conductance-
based models in Figure 2A. Like for simu-
lation data in Figure 5, we plotted our
experimental data as measured versus pre-
dicted C based on the first-order prediction
described in Equation 29 (Fig. 7B, top). As
expected, the prediction error was much
greater for the coincidence detector-
mode than for the integrator-mode,
which was also evident in the sample
CCGs (Fig. 7B, bottom). Consistent
with simulations (compare Figs. 4, 5,
CCGs), the CCG for the coincidence
detector-mode was much narrower than
for the integrator-mode, and the first-
order prediction deviated from the mea-
sured CCG primarily at its peak (Fig. 7B,
bottom). As for simulation data, we hy-
pothesized that removing a narrow region
around the peak of the CCG (where the
actual and predicted CCGs differ most) would dramatically im-
prove the prediction as visualized on the measured versus pre-
dicted C plots, which indeed it did (Fig. 7C). Similarly, including
the second-order terms described by Equation 31 improved our
prediction, especially for the coincidence detector-mode (Fig.
7D). These experiments demonstrate that pyramidal neurons re-
ceiving shared input can exhibit output correlation in excess of
that predicted from firing rate comodulation, and that this spike-
time synchronization is greater when the neurons behave more
like coincidence detectors.

Discussion
Through simulations and experiments, we have shown that pairs
of neurons receiving correlated input can exhibit spiking that is

correlated in different ways, and that the overall contribution of
each type of output correlation depends on intrinsic cellular
properties. Ideal integrators exhibit output correlations com-
prised entirely of rate comodulation. This makes sense given that
individual integrators use rate encoding in which spiking is dic-
tated by the mean (i.e., a first-order statistic) of the input; there-
fore, input can be reconstructed entirely by applying a first-order
filter (i.e., the STA) to the spike train. Conversely, ideal coinci-
dence detectors exhibit output correlations comprised entirely of
spike-time synchronization (Fig. 6). However, realistic coinci-
dence detectors exhibit output correlations comprised partly of
spike-time synchronization and partly of rate comodulation (Fig.
5). This too makes sense given that individual coincidence detec-
tors use temporal encoding in which spiking is sensitive to the

A

B

C

Figure 6. Phenomenological model sensitive only to stimulus variance exhibits correlated spiking due uniquely to spike-time
synchronization. A, FT model was constructed by coupling a biphasic filter (reminiscent of the coincidence detector STA; Fig. 2C)
and a step-function representing threshold. B, Because of its filter properties, the FT model is uniquely sensitive to stimulus
fluctuations. Firing rate gain with respect to � is zero but is positive with respect to �. C, Using the stimulation paradigm shown
in Figure 1A, a pair of FT models were given correlated input with equal � and �; c � 0.5; � � 5 ms. Measured 
/c values
increased with �, despite the first-order prediction (Eq. 29) giving a much smaller correlation, which vanishes as the time window
size T increases (data not shown) on the basis of ��/�� equaling 0. The arrows point to data for which sample CCGs are shown.
Predicted CCGs (black) deviated from measured CCGs (color) in the same manner as when the first-order prediction (Eq. 29) was
applied to the conductance-based coincidence detector model in Figure 5A. When second-order terms were included (Eq. 31), the
predicted CCG was much more accurate (bottom).
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variance (i.e., a second-order statistic) of
the input; therefore, reconstructing the
input from the spike train requires inclusion
of first- and second-order filters (Theunis-
sen and Miller, 1995). Real neurons and re-
alistic conductance-based models are never
pure integrators or coincidence detectors.
We have juxtaposed the two operating
modes for didactic purposes, but, ulti-
mately, operating mode is a continuum rep-
resenting the interplay between stimulus
kinetics and neural dynamics. Neural dy-
namics—most notably spike generation—
differ between neurons, can be modulated
within a given neuron, and directly impact
how a neuronal ensemble encodes and
transmits information.

Some cell types are optimized for in-
tegration or coincidence detection; for
example, many neurons early in the au-
ditory pathway (e.g., cochlear nucleus and
superior olive) are exquisite coincidence
detectors (Manis and Marx, 1991; Cao et
al., 2007; Mathews et al., 2010), whereas
certain neurons in the entorhinal cortex
are near-perfect integrators (Egorov et al.,
2002). In addition to morphological spe-
cializations (Agmon-Snir et al., 1998), a
broad range of ion currents can influence
operating mode, the common feature be-
ing that such currents activate or inacti-
vate at voltages near threshold, or that
they impact the gating of other peri-
threshold currents, for example, by shift-
ing voltage threshold (Prescott et al., 2006,

A

B

C D

Figure 7. CA1 pyramidal neurons operating preferentially in a coincidence detector-mode exhibit greater spike-time synchro-
nization than when operating in an integrator-mode. A, Responses from a typical regular spiking pyramidal neuron to constant and
fluctuating (� � 5 ms) input are shown without any manipulation (left) and with a virtual shunt (10 nS, �70 mV reversal
potential) inserted by dynamic clamp (right). We used the shunt to enhance adaptation by depolarizing threshold, thereby shifting
the neuron from acting preferentially as an integrator to acting preferentially as a coincidence detector, as shown previously
(Prescott et al., 2006). Trials with and without dynamic clamp were interleaved to assess each neuron in both operating modes. The
bottom panels show representative STA from each mode from one of the neurons comprising the pair used to sample CCGs (as

4

indicated by arrows) in B–D. B, Following the same approach
used for conductance-based models (Fig. 5), we plotted mea-
sured and predicted C/c for each “preferred” operating mode.
The prediction here is based on Equation 29. The circles iden-
tify those points that deviated significantly from prediction
( p � 0.01, t test). In the integrator-mode, only 12 of 416
points showed significant deviation of the measured C/c from
prediction, while significantly more points (78 of 320) showed
significant deviation in the coincidence detector-mode ( p �
0.001, � 2 test); in other words, the first-order prediction was
less consistent for the coincidence detector-mode. The arrows
point to data for which sample CCGs are shown. Predicted CCGs
(black) deviated from measured CCGs (color) the same way as
in Figure 5A. Data are from a total of 12 cells. C, Measured and
predicted C/c values for both operating modes were replotted
after removing data 	2 ms around the peak in the CCGs. As in
Figure 5C, excluding excess synchrony not predicted on the
basis of rate comodulation gave a closer match between mea-
sured and predicted C/c values, leaving only one data point
(circled) that deviated significantly from prediction ( p�0.01,
t test). D, Likewise, inclusion of second-order terms (i.e., Eq.
31) in our prediction gave a dramatically improved match,
leaving only three data points (circled) for each operating
mode with significant deviation from prediction ( p � 0.01, t
test). The improved prediction of spike-time synchrony af-
forded by inclusion of the second-order correction is also evi-
dent from the sample CCG (compare Fig. 5D).
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2008a). Whether pyramidal neurons in the neocortex and hip-
pocampus function as integrators or coincidence detectors has
been controversial (Abeles, 1982; Softky and Koch, 1993; Shadlen
and Newsome, 1998). The answer depends not only on intrinsic
cell properties but also on stimulus conditions (Rudolph and
Destexhe, 2003) and other external factors like background syn-
aptic activity that influence membrane conductance (Destexhe et
al., 2003). Shunting and adaptation, especially in combination,
can encourage coincidence detection in pyramidal neurons that
might otherwise behave preferentially as integrators (Prescott et
al., 2006, 2008b). The adaptation current IM has been shown to
encourage coincidence detection in hippocampal and neocortical
pyramidal neurons (Hu et al., 2007; Guan et al., 2011) and is itself
subject to endogenous modulators and to several drugs (for re-
view, see Brown and Passmore, 2009). This supports the view that
pyramidal neurons (and presumably other cell types through ad-
aptation by IM and via other mechanisms) can shift between op-
erating modes. By not operating at one or the other extreme,
pyramidal neurons can flexibly use rate- and/or synchrony-based
coding (see below).

The coexistence of rate- and synchrony-based coding is con-
sistent with recent modeling work showing that differently en-
coded information can be simultaneously propagated through
feedforward networks depending on network properties (Krem-
kow et al., 2010; Kumar et al., 2010). Our results emphasize the
importance of cellular properties for exactly the same issues. Net-
work and cellular properties can be intimately related (see above
regarding synaptic input and membrane conductance) and may
interact nonlinearly such that forms of modulation, which indi-
vidually have weak effects, combine to produce powerful gating
mechanisms that switch a network between propagating syn-
chronous or asynchronous activity (see below). But it is not nec-
essarily the case that synchronous and asynchronous spikes act
independently; for example, in spiny stellate cells receiving
thalamocortical input via a limited number of weak synapses,
asynchronous background cortical input may be crucial for set-
ting the membrane potential of stellate cells close enough to spike
threshold that synchronous thalamic inputs can elicit spikes
(Douglas and Martin, 2007; da Costa and Martin, 2011). In that
example, asynchronous input may facilitate the propagation of
synchronous spiking and, furthermore, might act as a continu-
ously variable gain-control mechanism rather than as a simple
on– off switch.

An important related issue is correlation between excitatory
and inhibitory input. This has been proposed as a mechanism to
regulate information transmission (Salinas and Sejnowski, 2001;
Kremkow et al., 2010), amplify external inputs (Murphy and
Miller, 2009), and enhance response fidelity (Wehr and Zador,
2003; Cafaro and Rieke, 2010). Such correlations may exist with
delays of only a few milliseconds, likely because of feedforward
inhibition ensuring a narrow integration window (Wehr and Za-
dor, 2003; Higley and Contreras, 2006). Under those conditions,
presynaptic spikes synchronized with millisecond precision are
required to reliably evoke responses in postsynaptic neurons.

Information encoded by rate or synchrony must be reliably
transmitted (when allowed by gating mechanisms) and eventu-
ally decoded. Unambiguous decoding requires independent rate-
and correlation-based coding (Fig. 1). Recent findings (de la
Rocha et al., 2007) have cast doubt on this independence.
We concur that a correlation–rate relationship compromises
correlation-based coding based on rate comodulation, but we
demonstrate here that output correlation and rate can be corre-
lated without interfering with synchrony-based coding. Count-

ing spikes neglects the information carried by spike timing. The
absolute timing of spikes in a single presynaptic cell has little
impact on postsynaptic activation, but the relative timing of
spikes across multiple presynaptic cells is crucial if the postsyn-
aptic cell operates as a coincidence detector; by extension, the
absolute timing of synchronized volleys likely carries information
about the original stimulus.

It follows that integrators exhibit the correlation–rate rela-
tionship described by de la Rocha et al. (2007), but that same
relationship, although it can be observed in coincidence detectors
(Barreiro et al., 2010), applies to only a fraction (i.e., to only one
component) of their output correlation. Notably, de la Rocha et
al. used computer models in which spike generation depended on
mean input (i.e., integration) and the 1-s-long stimuli used in
their experiments were sufficiently short that slow adaptation was
minimal, thus favoring spike generation based on mean input
(Prescott and Sejnowski, 2008). In addition to testing “integra-
tor” models, we tested conductance-based and phenomenologi-
cal models in which spike generation depends on input variance
(i.e., coincidence detector models). Our experiments were con-
ducted with 300-s-long stimuli to favor adaptation, our rationale
being that neurons in vivo exist in a chronically depolarized and
shunted state because of synaptic bombardment (Destexhe et al.,
2003). By testing a single cell type under different “virtual net-
work conditions” rather than testing different cell types repre-
senting each extreme of the continuum between integration and
coincidence detection, our results show that the neuronal op-
erating mode can be shifted along that continuum and that
this shift in operating mode adjusts the balance of rate- and
synchrony-based coding.

These results demonstrate the importance of cell-level prop-
erties for network-level coding. There has been a longstanding
bias in the network modeling community to focus on synaptic
weights and network architecture, with far less emphasis put on
cellular properties. Here, we have shown what happens when
neurons do not “integrate and fire.” Similarly, Burak et al. (2009)
and Barreiro et al. (2010) recently showed differences in output
correlation depending on the type of model used. Effects of syn-
aptic kinetics, background noise, and input spike train statistics
on output correlation have also been documented (Maex et al.,
2000; Tetzlaff et al., 2008; Ostojic et al., 2009). Tchumatchenko et
al. (2010) have shown specifically that output correlations can be
rate dependent or independent according to input conditions.
Our results emphasize how both types of correlations can coexist
and that this depends on input conditions and (how that input is
encoded given) single cell firing properties. Indeed, whereas sim-
plified models tend to favor pure integration or pure coincidence
detection, real neurons and realistic conductance-based models
exhibit a context-dependent mixture of operating modes. Neglect-
ing the richness of cell-level coding properties will surely translate
into underestimation of network-level coding possibilities.

In conclusion, different types of neurons or even the same
neuron operating under different conditions can be differentially
sensitive to first- and second-order stimulus statistics, namely
mean and variance. If we do not assume that fluctuations are
simply noise, and if a neuron is sensitive to those fluctuations
(which is true of coincidence detectors), then output spiking
should carry information about the signal variance. Two such
neurons receiving correlated input may carry information about
signal variance in their precisely synchronized spiking. Even if
correlated with firing rate (indeed, such output correlations
might arise from correlations between features of the original
input), spike-time synchronization is separate from rate co-
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modulation, which, by definition, is directly linked to the firing
rate that is tuned to the signal mean. Both forms of correlation
may coexist and operate independently. Thus, the richness of
single-neuron coding abilities translates into even richer multi-
neuron coding possibilities.
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Destexhe A, Rudolph M, Paré D (2003) The high-conductance state of neo-
cortical neurons in vivo. Nat Rev Neurosci 4:739 –751.

Douglas RJ, Martin KA (2007) Mapping the matrix: the ways of neocortex.
Neuron 56:226 –238.

Egorov AV, Hamam BN, Fransén E, Hasselmo ME, Alonso AA (2002)
Graded persistent activity in entorhinal cortex neurons. Nature
420:173–178.

Engel AK, Roelfsema PR, Fries P, Brecht M, Singer W (1997) Role of the
temporal domain for response selection and perceptual binding. Cereb
Cortex 7:571–582.

Fellous JM, Rudolph M, Destexhe A, Sejnowski TJ (2003) Synaptic back-
ground noise controls the input/output characteristics of single cells in an
in vitro model of in vivo activity. Neuroscience 122:811– 829.
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Intrinsic Gain Modulation and Adaptive Neural Coding
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Abstract

In many cases, the computation of a neural system can be reduced to a receptive field, or a set of linear filters, and a
thresholding function, or gain curve, which determines the firing probability; this is known as a linear/nonlinear model. In
some forms of sensory adaptation, these linear filters and gain curve adjust very rapidly to changes in the variance of a
randomly varying driving input. An apparently similar but previously unrelated issue is the observation of gain control by
background noise in cortical neurons: the slope of the firing rate versus current (f-I) curve changes with the variance of
background random input. Here, we show a direct correspondence between these two observations by relating variance-
dependent changes in the gain of f-I curves to characteristics of the changing empirical linear/nonlinear model obtained by
sampling. In the case that the underlying system is fixed, we derive relationships relating the change of the gain with respect
to both mean and variance with the receptive fields derived from reverse correlation on a white noise stimulus. Using two
conductance-based model neurons that display distinct gain modulation properties through a simple change in parameters,
we show that coding properties of both these models quantitatively satisfy the predicted relationships. Our results describe
how both variance-dependent gain modulation and adaptive neural computation result from intrinsic nonlinearity.
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Introduction

An f-I curve, defined as the mean firing rate in response to a
stationary mean current input, is one of the simplest ways to
characterize how a neuron transforms a stimulus into a spike train
output as a function of the magnitude of a single stimulus
parameter. Recently, the dependence of f-I curves on other input
statistics such as the variance has been examined: the slope of the
f-I curve, or gain, is modulated in diverse ways in response to
different intensities of added noise [1–4]. This enables multipli-
cative control of the neuronal gain by the level of background
synaptic activity [1]: changing the level of the background synaptic
activity is equivalent to changing the variance of the noisy
balanced excitatory and inhibitory input current to the soma,
which modulates the gain of the f-I curve. It has been
demonstrated that such somatic gain modulation, combined with
saturation in the dendrites, can lead to multiplicative gain control
in a single neuron by background inputs [5]. From a computa-
tional perspective, the sensitivity of the firing rate to mean or
variance can be thought of as distinguishing the neuron’s function
as either an integrator (greater sensitivity to the mean) or a
differentiator/coincidence detector (greater sensitivity to fluctua-
tions, as quantified by the variance) [3,6,7].
An alternative method of characterizing a neuron’s input-to-

output transformation is through a linear/nonlinear (LN) cascade
model [8,9]. These models comprise a set of linear filters or
receptive field that selects particular features from the input; the
filter output is transformed by a nonlinear threshold stage into a
time-varying firing rate. Spike-triggered covariance analysis

[10,11] reconstructs a model with multiple features from a
neuron’s input/output data. It has been widely employed to
characterize both neural systems [12–15] and single neurons or
neuron models subject to current or conductance inputs [16–19].
Generally, results of reverse correlation analysis may depend on

the statistics of the stimulus used to sample the model [15,19–25].
While some of the dependence on stimulus statistics in the response
of a neuron or neural system may reflect underlying plasticity, in
some cases, the rapid timescale of the changes suggests the action of
intrinsic nonlinearities in systems with fixed parameters [16,19,25–
29], which changes the effective computation of a neuron.
Our goal here is to unify the f-I curve description of variance-

dependent adaptive computation with that given by the LN model:
we present analytical results showing that the variance-dependent
modulation of the firing rate is closely related to adaptive changes in
the recovered LNmodel if a fixed underlying model is assumed. When
the model relies only on a single feature, we find that such a system
can show only a single type of gain modulation, which accompanies
an interesting asymptotic scaling behavior. With multiple features,
the model can show more diverse adaptive behaviors, exemplified
by two conductance-based models that we will study.

Results

Diverse Variance-Dependent Gain Modulations without
Spike Rate Adaptation
Recently, Higgs et al. [3] and Arsiero et al. [4] identified

different forms of variance-dependent change in the f-I curves of
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various neuron types in avian brainstem and in cortex. Depending
on the type, neurons can have either increasing or decreasing gain
in the f-I curve with increasing variance. These papers linked the
phenomenon to mechanisms underlying spike rate adaptation,
such as slow afterhyperpolarization (sAHP) currents and slow
sodium channel inactivation. We recently showed [7] that a
standard Hodgkin–Huxley (HH) neuron model, lacking spike rate
adaptation, can show two different types of variance-dependent
gain modulation simply by tuning the maximal conductance
parameters of the model. These differences in gain modulation
correspond to two different regimes in the space of conductance
parameters. In one regime, which includes the standard
parameters, a neuron periodically fires to a sufficiently large
constant input current. In the other regime, a neuron never fires to
a constant input regardless of its magnitude, but responds only to
rapid fluctuations. This rarely discussed property has been termed
class 3 excitability [30,31]. Higgs et al. [3] proposed that the type of
gain modulation classifies the neuron as an integrator or
differentiator.
Here, we examine two models that show these different forms of

variance-dependent gain modulation without spike rate adapta-
tion, and study the resulting LN models sampled with different
stimulus statistics. We show that these fixed models generate
variance-dependent gain modulation, and that this gain modula-
tion is well predicted by aspects of the LN models derived from
white noise stimulation. The two models are both based on the
HH [32] active currents; one model is the standard HH model,
and the other (HHLS) has lower Na+ and higher K+ conductances.
The HHLS model is a class 3 neuron and responds only to a
rapidly changing input. For this reason, the HHLS model can be
thought of as behaving more like a differentiator than an
integrator [3,7].
Figure 1 shows the different gain modulation behaviors of the

HH and HHLS conductance-based models. For the HH model,
Figure 1A, the f-I curves in the presence of noise are similar to the
noiseless case except that they are increasingly smoothed at the
threshold. In contrast, Figure 1C shows that the f-I curves of the
HHLS model never converge toward each other as the noise level

increases. This case resembles that of layer 5 pyramidal neurons in
rat medial prefrontal cortex [4], as well as nucleus laminaris (NL)
neurons in the chick auditory brainstem and some pyramidal
neurons in layer 2/3 of rat neocortex [3]. While for these layer 2/3
neurons, there is evidence that this change in f-I curve slope may
be related to the sAHP current [3], at steady state this effect can be
obtained in general by tuning the maximal conductances without
introducing any mechanism for spike rate adaptation [7].

Gain Modulation and Adaptation of Fixed Models
For a system described by an LN model with a single feature, we

derive an equation relating the slopes of the firing rate with respect
to stimulus mean and variance. We then consider gain modulation
in a system with multiple relevant features and derive a series of
equations relating gain change to properties of the spike-triggered
average and spike-triggered covariance. Throughout, we assume
that the underlying system is fixed, and that its parameter settings
do not depend on stimulus statistics. For example, if the model has
a single exponential filter with a time constant t, we assume that t
does not change with the stimulus mean (I0) or variance (s2).
However, this does not mean that the model shows a single
response pattern regardless of the statistical structure of stimuli.
The sampled LN description of a nonlinear system with fixed
parameters—even when the underlying model is an LN model
[25]—can show interaction with the input statistics, leading to
different LN model descriptions for different input parameters
[19,25,27–29]. We refer to this as intrinsic adaptation.

One-Dimensional Model
An LN model is composed of its relevant features {em(t)} (m =

1,2,…,n)), which act as linear filters on an incoming stimulus, and
a probability to spike given the filtered stimulus, P(spike|filtered
stimulus). For a Gaussian white noise stimulus with mean I0 and
variance s2, the firing rate is

f I0,s
2

! "
~

ð
dx P spike I0!eezxjð Þp xð Þ ð1Þ

where e~
Ð?
0 e tð Þdt is the time-integrated filter and x is the mean-

subtracted noise stimulus filtered by the n relevant features. p(x) is
an n-dimensional Gaussian distribution with variance s2. We refer
to the Materials and Methods section for a more detailed account
of the model.
For a one-dimensional model n = 1, Equation 1 can be

rewritten with change of variables

f I0,s
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Since p(x) is Gaussian, it is also the kernel or Green’s function of a
diffusion equation in terms of (x,s2) and therefore so is p(x2I0ē) in
terms of (I0,s

2). In other words, we have
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on both sides of the equation,

p(x2I0ē) is the only term on the left hand side of Equation 2 that

Author Summary

Many neurons are known to achieve a wide dynamic range
by adaptively changing their computational input/output
function according to the input statistics. These adaptive
changes can be very rapid, and it has been suggested that
a component of this adaptation could be purely input-
driven: even a fixed neural system can show apparent
adaptive behavior since inputs with different statistics
interact with the nonlinearity of the system in different
ways. In this paper, we show how a single neuron’s
intrinsic computational function can dictate such input-
driven changes in its response to varying input statistics,
which begets a relationship between two different
characterizations of neural function—in terms of mean
firing rate and in terms of generating precise spike timing.
We then apply our results to two biophysically defined
model neurons, which have significantly different response
patterns to inputs with various statistics. Our model of
intrinsic adaptation explains their behaviors well. Contrary
to the picture that neurons carry out a stereotyped
computation on their inputs, our results show that even in
the simplest cases they have simple yet effective
mechanisms by which they can adapt to their input.
Adaptation to stimulus statistics, therefore, is built into the
most basic single neuron computations.

Intrinsic Gain Modulation and Neural Adaptation
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depends on (I0,s
2) and therefore the right hand side of Equation 2

vanishes. Thus one finds

2e2
Lf
Ls2

~
L2f
LI20

ð3Þ

The boundary condition is given by evaluating Equation 2 as
s2R0; here the Gaussian distribution becomes a delta function

lim
s2?0

p x{I0eð Þ~d x{I0eð Þ

and the boundary condition is given by the zero-noise f-I curve.
Thus, when a model depends only on a single feature, e(t), the f-I
curve with a noisy input is given by a simple diffusion-like
equation, Equation 3, with a single parameter, the time integrated

filter, e~
Ð?
0 e tð Þdt, determining the diffusion constant 1/2ē2.

Equation 3 states that the variance-dependent change in the
firing rate is simply determined by the curvature of the f-I curve.
Thus, a one-dimensional system displays only a single type of
noise-induced gain modulation: as in diffusion, an f-I curve is
gradually smoothed and flattened as the variance increases. Given
a boundary condition, such as an f-I curve for a particular
variance, the family of f-I relations can be reconstructed up to a
scale factor by solving Equation 3. For example, one can predict
how the neuron would respond to a noise stimulus based on its
output in the absence of noise. Note that the solution of Equation 3

generalizes a classical result [33] based on a binary nonlinearity to
a simple closed form which applies to any type of nonlinearity.
Figure 2A and 2B show a solution of Equation 3. While this

one-dimensional model is based on the simplest and most general
assumptions, it provides insights into the structure of variance-
dependent gain modulation. The boundary condition is an f-I
curve with no noise, f = (I+0.1)1/2 for I.0 and f = 0 for I#0,
which imitates the general behavior of many dynamical neuron
models around rheobase [34–36]. Compared with the HH
conductance-based model, Equation 3 captures qualitative
characteristics of the HH f-I curve despite differences due to the
increased complexity of the HH model over a 1D LN model: in
Figure 2A and 2B, there is a positive curvature (second derivative
of firing rate with respect to current) of the f-I curve below
rheobase related to the increase of the firing rate with increasing
variance. In contrast, the behavior of the HHLS model cannot be
described by Equation 3. Even though the f-I curves in Figure 1C
mostly have negative curvature, the firing rate keeps increasing
with variance, implying that the HHLS model cannot be described
by a one-dimensional LN model.
We also compared Equation 3 with the f-I curves from two

commonly used simple neuron models, the leaky integrate-and-fire
(LIF) model (Figure 2C), and a similar model with minimal
nonlinearity, the quadratic integrate-and-fire (QIF) model [37,38]
(Figure 2D). The f-I curves of the two models are similar but have
subtle differences: in the LIF model, firing rate never decreases
with noise, even though parameters were chosen to induce a large
negative curvature, as shown analytically in Text S1. The QIF

Figure 1. Variance-Dependent Gain Modulation of the HH and HHLS Model. Each model is simulated as described in the Materials and
Methods section. (A) f-I curves of a standard HH model for differing 10 variances (s2) from 0 to 45 nA2. The topmost trace is the response to the
highest variance. Each curve is obtained with 31 mean values (I0) ranging from 25 to 20 nA. (B) The same data as (A) plotted in the (mean, variance)
plane. Lighter shades represent higher firing rates. We used cubic spline interpolation for points not included in the simulated data. (C,D) f-I curves of
the HHLS model as in (A) and (B). 10 means from 210 to 50 nA and 21 variances from 0 to 100 nA2 are used.
doi:10.1371/journal.pcbi.1000119.g001
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model behavior is much more similar to the 1D LN model,
marked by a slight decrease in firing rate at large I0. From this
perspective, the QIF is a simpler model in terms of the LN
description despite the dynamical nonlinearity.
It is interesting to note that for one-dimensional models, the

gain modulation given by Equation 3 depends only on the
boundary condition, which implicitly describes how an input with
a given mean samples the nonlinearity, but not explicitly on the
details of filters or nonlinearity. An ideal differentiator, where
firing rate is independent of the stimulus mean, is realized only
when the filter has zero integral, ē = 0. This is also the criterion
that would be satisfied if the filter itself were ideally differentiating.
We will return to the relationship between the LN model
functional description and that of the f-I curves in the Discussion.

Multidimensional Models
Here we examine gain modulation in the case of a system with

multiple relevant features. In this case, one cannot derive a single
simple equation such as Equation 3. Instead, we derive
relationships between the characteristics of f(I0,s) curves and
quantities calculated using white noise analysis.
Fixed multidimensional models can display far more complex

response patterns to different stimulus statistics than one-dimensional
models, because linear components in the model can now interact
nonlinearly [29]. For example, in white noise analysis, as the stimulus
variance increases, the distribution of the filtered stimuli also expands
and probes different regions of the nonlinear threshold structure of
the model. This induces a variance-dependent rotation among the
filters recovered through sampling by white noise analysis, and the

corresponding changes in the spike-triggered average, spike-triggered
covariance, and the sampled nonlinearity [19].
Here, we relate parameters of the changing spike-triggered

average and spike-triggered covariance description to the form of
the f-I curves. The relationships are derived by taking derivatives
of each side of Equation 1 with respect to I0 and s2 (see Materials
and Methods section). The first order in I0 establishes the
relationship between the STA and the gain of the f-I curve with
respect to the mean

L log f
LI0

~
1

s2
STA, STA~

ð?

0
dtSTA tð Þ ð4Þ

The second order leads to a relationship between the second
derivative of the f-I curve and the covariance matrix

L2 log f
LI20

~
1

s4
DC, DC~

ð
dtdt0DC t,t0ð Þ ð5Þ

The gain with respect to the variance is

L log f
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~
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2s4
TrDCz STAk k2

% &
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where

TrDC~

ð
dtDC t,tð Þ, STAk k2~

ð
dtSTA tð Þ2

Figure 2. Variance-Dependent Gain Modulation of One-Dimensional Models. (A) Variance-dependent f-I curves of a one-dimensional
model from the solution of Equation 3 with the boundary condition, f= (I+0.1)1/2 for I.0 and f= 0 for I#0 at zero noise. (B) The firing rates of A in the
(mean, variance) plane. (C) f-I curves of an LIF model. (D) f-I curves of a QIF model. The model parameters for the LIF and QIF are in the Materials and
Methods section. We used 50 mean (I0) values from 0 to 4 (LIF) and from 22 to 2 (QIF), and 8 variances (s2) from 0 to 8 for both models.
doi:10.1371/journal.pcbi.1000119.g002
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Equations 4–6 show how the nonlinear gain of an f-I curve with
respect to input mean and variance is related to intrinsic
adaptation as observed through changes in the STA and STC.
Note that Equations 4–6 apply to one-dimensional LN models as
well. In that case, the STA has the same shape as the feature in the
model, and only its magnitude varies according to the overlap
integral, Equation 1, between the nonlinearity of the model and
the prior stimulus. This is the same for the STC, and thus
Equations 4–6 are not independent. This leads to a single form of
variance gain modulation, given by Equation 3. However, in a
multidimensional model, changing the stimulus mean shifts the
nonlinearity in a single direction, STA, while increasing the

variance expands the prior in every direction in the stimulus space.
Therefore, the overlap integral can show more diverse behaviors.

Conductance-Based Models
We now examine whether the gain modulation behaviors we

have described can be captured by a multi-dimensional LN model.
We tested this by computing f-I curves, spike-triggered averages
and the spike-triggered covariance matrices for the noise-driven
HH and HHLS models for a range of input statistics. Figure 3A,
B, and C show the result of fitting simulation data from the HH
(left) and HHLS (right) model to Equations 4, 5, and 6,
respectively. The linear relationships are quite clear in Figure 3A

Figure 3. Derivatives of the Firing Rate Curves with Respect to Mean and Variance Related to Quantities Obtained by White Noise
Analysis for the Standard HH (Left) and HHLS (Right) Models. Each point is calculated from the simulated data with a selected (mean,
variance) input parameter pair, as described in the Materials and Methods section, and the gray lines represent our theoretical predictions,
Equations 4–6, which hold when the variance dependent change in f-I curves is only due to intrinsic adaptation. (A) Gain versus the norm of the STA,
as in Equation 4. (B) Gain change versus the spike-triggered covariance term of Equation 5. (C) Change of firing rate with respect to variance versus
the function of the STA and spike-triggered covariance given in Equation 6.
doi:10.1371/journal.pcbi.1000119.g003
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and 3C which show the gains with respect to mean and variance.
Figure 3B involves the curvature of f-I curves, which is more
difficult to calculate accurately, and shows larger errors. In every
case, goodness of fit is p,1.361026 and p,5.861026 for the HH
and HHLS where the upper bounds of p-values are given by the
case of Equation 5, corresponding to Figure 3B. These results
show that intrinsic adaptation of the LN model predicts the form
of noise-induced gain modulation for these models.

Gain Rescaling of One-Dimensional Models
Here we discuss a consequence of intrinsic adaptation for

neuronal encoding of mean and variance information for a one-
dimensional model. In this case, Equation 3 completely specifies
intrinsic adaptation, and therefore we will focus on this case.
Our first observation is that Equation 3 is invariant under the

simultaneous rescaling of the mean and standard deviation,
I0RaI0, sRas, where a is an arbitrary positive number. This
invariance is preserved if the solution is also a function of only a
dimensionless variable I0/s, which would represent a signal-to-
noise ratio if we describe the neuron’s input/output function in
terms of an f-I curve at a fixed noise level s. Note that this
situation is analogous to the Weber–Fechner [39,40] and Fitts’ law
[41], which states that perception tends to depend on only
dimensionless variables that are invariant under scaling of the
absolute magnitude of stimulus [42]. However, the invariance of
Equation 3 under the scaling of a stimulus does not necessarily
lead to the invariance of a firing rate solution. By rewriting
Equation 2 in terms of the ‘‘rescaled’’ variables, y= x/s and
m= I0/s, we get
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where f0(I) = P(spike|Iē) is an f-I curve with no noise. Thus, the
scaling of f(I0,s

2) with standard deviation depends on the
boundary condition, f0(I), which in principle can be any arbitrary
function.
Nevertheless, in practice, the f-I curves of many dynamical

neurons are not completely arbitrary but can share a simple
scaling property, at least asymptotically. For example, in the QIF
and many other neuron models, the f-I curve with no noise
asymptotically follows a power law f0,(I02Ic)

1/2 around the
rheobase Ic [34–36]. In general, if f0(I)/Ia asymptotically in such a
regime, from Equation 7, the firing rate is asymptotically
factorized into a s dependent and m= I0/s dependent part as

f m,s2
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In other words, I0/s becomes an intermediate asymptotic of the f-I
curves [43].
To test to what extent this scaling relationship holds in the

models we have considered, we calculated the rescaled relative gain of
the f-I curves, which we define as (s/f) hf/hI0 =s h log f/hI0; the
rescaled relative gain of Equation 8 depends only on m= I0/s, not
on s. Thus, if the rescaling strictly holds, this becomes a single-
valued function of the signal-to-noise ratio, I0/s, regardless of the
noise level s.
We find evidence for this form of variance rescaling in the QIF,

LIF, and HH models. Figure 4 shows the rescaled gains evaluated
from the simulated data. The QIF and HH case, Figure 4B and
4D, match well with the solution of Equation 3, Figure 4A. In the
LIF case, Figure 4C, the relative gain shows deviations at low

variance, but it approaches a variance-independent limit at large
s. We also present an analytic account in Text S1. On the other
hand, in Figure 4E, the HHLS model does not exhibit this form of
asymptotic scaling at all. The role of the signal-to-noise ratio, I0/s,
in the HHLS model appears to be quite distinct from the other
models. In summary, Equation 3 predicts that one-dimensional
LN models will have the tendency to decrease gain with increasing
noise level. However, if the f-I curve of a neuron is power-law-like,
the resulting gain modulation will be such that the neuron’s
sensitivity to mean stimulus change at various noise levels is
governed only by the signal-to-noise ratio.

Discussion

In this paper, we have obtained analytical relationships between
noise-dependent gain modulation of f-I curves and properties of
the sampled linear/nonlinear model. We have shown that gain
control arises as a simple consequence of the nonlinearity of the
LN model, even with no changes in any underlying parameters.
For a system described by an LN model with only one relevant

feature, a simple single-parameter diffusion relationship relates the
f-I curves at different variances, where the role of the diffusion
coefficient is taken by the integral of the STA. This form strictly
limits the possible forms of gain modulation that may be
manifested by such a system. The result qualitatively describes
the variance dependent gain modulation of different neuron
models such as the LIF, QIF, and standard HH neuron models.
Models based on dynamical spike generation, such as QIF, showed
better agreement with this result than the LIF model. The QIF
model case is a good example of how a nonlinear dynamical
system can be mapped onto an LN model description [19,44]. The
QIF model has a single dynamical equation whose subthreshold
dynamics are captured approximately by a linear kernel, which
takes the role of the feature; one can then determine a threshold
which acts as a binary decision boundary for spiking. Thus, it is
reasonable that the QIF model and the one-dimensional LN
model show a similar response pattern to a noisy input. When the
system has multiple relevant features, we obtain equations relating
the gain with respect to the input mean and the input variance to
parameters of the STA and STC. We verified these results using
HH neurons displaying two different forms of noise-induced gain
control.
Previous work has related different gain control behaviors to a

neuron’s function as an integrator or a differentiator [3,7]. From
an LN model perspective, the neuron’s function is defined by
specific properties of the filter or filters e(t). An integrating filter
would consist of entirely positive weights; for leaky integrators
these weights will decay at large negative times. A differentiating
filter implements a local subtraction of the stimulus, and so should
consist of a bimodal form where the positive weights approxi-
mately cancel the negative weights.
In general, characterizations of neural function by LN model

and by f-I curves are quite distinct. The f-I approach we have
discussed here describes the encoding of stationary statistical
properties of the stimulus by time-averaged firing rate, while the
LN model describes the encoding of specific input fluctuations by
single spikes, generally under a particular choice of stimulus
statistics. Indeed, the LN characterization can change with the
driving stimulus distribution, even, in principle, from an integrator
to a differentiator. Thus, a model may, for example, act as a
differentiator on short timescales but as an integrator on longer
timescales. For systems whose LN approximation varies with mean
and variance, the neuron’s effective computation changes with
stimulus statistics, and so does the information that is represented.

Intrinsic Gain Modulation and Neural Adaptation
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One might then ask how the system can decode the represented
information. It has been proposed that statistics of the spike train
might provide the information required to decode slower-varying
stimulus parameters [22,45]. The possibility of distinguishing
between responses to different stimulus statistics using the firing
rate alone depends on the properties of the f-I curves.
The primary focus of this work is the restricted problem of single

neurons responding to driving currents, where the integrated
synaptic current in an in vivo-like condition is approximated to be
a (filtered) Gaussian white noise [46–50]. However, our deriva-
tions can apply to arbitrary neural systems driven by white noise
inputs, if f-I curves are interpreted as tuning functions with respect

to the mean stimulus parameter. Given the generality of our results
for neural systems, it would be interesting to test our results in
cases where firing is driven by an external stimulus. A good
candidate would be retinal ganglion cells, which are well-described
by LN-type models [9,14,51–53], show adaptation to stimulus
statistics on multiple timescales [23,54] and display a variety of
dimensionalities in their feature space [14].
A limitation of the tests we have performed here is a restriction

to the low firing rate regime where spike-triggered reverse
correlation captures most of the dependence of firing probability
on the stimulus. The effects of interspike interaction can be
significant [16,17,55] and models with spike history feedback have

Figure 4. Rescaled Relative Gains of Variance-Dependent f-I Curves. (A) The one-dimensional LN, (B) QIF, and (C) LIF models. The same data
as Figure 2 are used. (D) The standard HH model from Figure 1A and 1B. (E) The HHLS model from Figure 1C and 1D. Since the HHLS does not have a
rheobase, we instead used Icenter = 20 nA at which the variance-dependent firing rate increase is maximal.
doi:10.1371/journal.pcbi.1000119.g004
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been developed to account for this [44,51,56,57]. We have not
investigated how spike history effects would impact our results.
Although evidence suggests that gain modulation by noise may

be enhanced by slow afterhyperpolarization currents underlying
spike frequency adaptation [3], these slow currents are not
required to generate gain enhancement in simple neuron models
[7,19,25–29]. While one may generate diverse types of noise-
induced gain modulation only by modifying the mechanism of
generating a spike independent of spike history [7], in realistic
situations, slow adaptation currents are present and will affect
neural responses over many timescales [58–60]. In principle, it is
possible to extend our result to include these effects: f-I curves
under conditions of spike frequency adaptation have been already
discussed [61–63] and can be compared to LN models with spike
history feedback. However, our goal here was to demonstrate the
effects that can occur independent of slow adaptation currents and
before such currents have acted to shift neuronal coding
properties.
The suggestive form of our result for one-dimensional LN

models led us to look for a representation of neuronal output that
is invariant under change in the input noise level. Our motivation
is based on a simple principle of dimensional analysis: the gains of
the f-I curves with noise may be asymptotically described by a
signal-to-noise ratio, a dimensionless variable depending only on
the stimulus itself. We showed that this may occur if the f-I curve
with no noise obeys asymptotic power-law properties. Such a
property has been determined to arise both from the bifurcation
patterns of spike generation [31,34,35] and due to spike rate
adaptation [61]. This relationship implies that the gain of the
firing rate as a function of the mean should scale inversely with the
standard deviation. Scaling of the gain of the nonlinear decision
function with the stimulus standard deviation has been observed
to some degree in a number of neural systems [10,15,22–
25,29,64–67]. Such scaling guarantees maximal transmission of
information [10,22]. As we and others have proposed, a static
model might suffice to explain this phenomenon [25,27], although
in some cases slow adaptation currents are known to contribute
[65,66].
In summary, we have presented theoretically derived relation-

ships between the variance-dependent gain modulation of f-I
curves and intrinsic adaptation in neural coding. In real neural
systems, any type of gain modulation likely results from many
different mechanisms, possibly involving long-time scale dynamics.
Our results show that observed forms of gain modulation may be a
result of a pre-existing static nonlinearity that reacts to changes in
the stimulus statistics robustly and almost instantaneously.

Materials and Methods

Biophysical Models
We used two single compartmental models with Hodgkin–

Huxley (HH) active currents. The first one is an HH model with
standard parameters while the second model (HHLS) has a lower
Na+ and higher K+ maximal conductance. The voltage changes
are described by [32]
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1

azzbz
, !zz~

az
azzbz

, z~m,n,h

where

am~
0:1 Vz40ð Þ

1{exp {0:1 Vz40ð Þ½ $ , bm~4 exp {0:0556 Vz65ð Þ½ $,

ah~0:07 exp 0:05 Vz65ð Þ½ $, bh~
1

1zexp {0:1 Vz35ð Þ½ $ ,

an~
0:01 Vz55ð Þ

1{exp {0:1 Vz55ð Þ½ $ , bn~0:125 exp {0:0125 Vz65ð Þ½ $

The voltage V is in millivolts (mV).
For the HH model, the conductance parameters are

ḡK=36 mS/cm2 and ḡNa=120 mS/cm2. The HHLS model has
ḡK=41 mS/cm2 and ḡNa=79 mS/cm2. All other parameters are
common to both models. The leak conductance is ḡL=0.3 mS/
cm2 and the membrane capacitance per area C is 1 mF/cm2. The
reversal potentials are EL=254.3 mV, ENa=50 mV, and
EK=277 mV. The membrane area is 1023 cm2, so that a current
density of 1 mA/cm2 corresponds to a current of 1 nA.
All simulations of these models were done with the NEURON

simulation environment [68]. Gaussian white noise currents with
various means and variances are generated with an update rate of
5 kHz (dt=0.2 ms) and delivered into the model via current
clamp. For the f-I curves, we simulated 4 min of input for each
mean and variance pair. The whole procedure was repeated five
times to estimate the variance of the f-I relationship, srepeat.
We ran another set of simulations for reverse correlation

analysis and collected about 100,000 spikes for each stimulus
condition. The means and variances of the Gaussian noisy stimuli
were chosen such that the mean firing rate did not exceed 10 Hz,
and we selected eight means and seven variances for the HH
model, and nine means and four variances for the HHLS model.

Integrate-and-Fire-Type Models
In addition to the conductance-based model, we investigated

the behavior of two heuristic model neurons driven by a noisy
current input. Each model consists of a single dynamical equation
describing voltage fluctuations of the form

C
dV

dt
~L Vð ÞzI tð Þ

The first model is a leaky integrate-and-fire (LIF) model [69,70],
for which L(V) =2gL(V2EL). We used the parameters gL=2,
EL=0, and C=1. Since this choice of L(V) cannot generate a spike,
we additionally imposed a spiking threshold Vth=1 and reset
voltage Vreset =23.
The second is a quadratic integrate-and-fire (QIF) model

[31,37,38], for which L(V) = gL(V2EL)(V2Vth)/DV where
DV=Vth2EL.0. We used gL=0.5, EL=0, Vth=0.1, and C=1.
In this model, the voltage V can increase without bound; such a
trajectory is defined to be a spike if it crosses Vspike = 5. After
spiking, the system is reset to Vreset = 0.
These two models are simulated using a fourth-order Runge–

Kutta integration method with an integration time step of
dt=0.01. The input current I(t) was Gaussian white noise, updated
at each time step, with a range of means and variances. The f-I
curves were obtained from 1,000 s of stimulation for each
(mean,variance) condition. We then compared the f-I curves from
these models with the relationship derived in the Results section,
Equation 5. A numerical solution of the partial differential
equation was obtained using a PDE solver in Mathematica
(Wolfram Research, Inc.).
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Linear/Nonlinear Model
We use the linear/nonlinear (LN) cascade model framework to

describe a neuron’s input/output relation. We will focus on the
dependence of the firing rate of a fixed LN model on the mean and
variance of a Gaussian white noise input.
We will take the driving input to be I(t) = I0+j(t) where I0 is the

mean and j(t) is a Gaussian white noise with variance s2 and zero
mean. The linear part of the model selects, by linear filtering, a
subset of the possible stimuli probed by I(t). That subset is
expressed as n relevant features {em(t)}, (m=1,2,…,n). Interpreted
as vectors, the components of any stimulus that are relevant to
changing the firing rate can be expressed in terms of projections
onto these features. The firing rate of the model for a given
temporal sequence I(t) depends only on s, the input filtered by the
n relevant features. Thus the firing rate from the given stimulus
depends on the convolution of the input with all n features and can
be written as P(spike|s= I0ē+x) where

!eem~

ð?

0
dt em tð Þ, xm~

ð?

0
dt em tð Þj t{tð Þ

Since I(t) is white noise with stationary statistics, the projections xm
can be taken to be stationary random variables chosen from a
Gaussian distribution at each t.
Given the filtered stimulus, a nonlinear decision function

P(spike|I0ē+x) generates the instantaneous time-varying firing
rate. For a specified model and stimulus statistics, the mean firing
rate f(I0,s

2) = P(spike) is simply

f I0,s
2

! "
~

ð
ds P spike sjð ÞP sð Þ~

ð
dx P spike I0!eezxjð Þp xð Þ ð9Þ

where

p xð Þ~ 1

2ps2ð Þp=2
:exp {

1

2s2
xk k2

( )

Equation 9 describes an f-I curve of the model in the presence of
added noise with variance s2. The slope or gain of the firing rate
with respect to mean or variance can be computed if
P(spike|I0ē+x) is known. However, the gains can be also obtained
in terms of the first and second moments of P(spike|I0ē+x), which
can be measured directly by reverse correlation analysis.

Reverse Correlation Analysis
We used spike-triggered reverse correlation to probe the

computation of the model neurons through an LN model. We
collected about 100,000 spikes and corresponding ensembles of
spike triggered stimulus histories in a 30 ms long time window
preceding each spike.
From the spike-triggered input ensembles, we calculated spike-

triggered averages (STAs) and spike-triggered covariances (STCs).
The STA is simply the average of the set of stimuli that led to
spikes subtracted from the mean of the ‘‘prior’’ stimulus
distribution, the distribution of all stimuli independent of spiking
output

STA tð Þ~SI tspike{t
! "

Tspike{SITprior~Sj tspike{t
! "

Tspike ð10Þ

Therefore, one may consider only the noise part of the zero mean
stimulus.
When computing the STC, the prior’s covariance is subtracted

DC t,t0ð Þ~Cspike{Cprior

~S j tspike{t
! "

{STA tð Þ
* +

j tspike{t0
! "

{STA t0ð Þ
* +

Tspike{Cprior

ð11Þ

Statistical Analysis
In calculating the slope and curvature of the f-I curves, we used

6–10 degree polynomial fitting of the f-I curves, where in any
single case, the lowest degree was used which provided both a
good fit and smoothness. From the fitting procedure, we obtained
the standard deviation of the residuals, sfit. This was repeated five
times for f-I curves computed using different noise samples, and
from this we computed srepeat, the standard deviation of each
computed slope and curvature. We estimated the total error of our
calculation as stotal = (srepeat

2+sfit
2)1/2. In practice, srepeat was

always greater than sfit by an order of magnitude. This stotal was
used for the error bars in Figure 3.
To evaluate the goodness of fit in Figure 3, we used the Pearson

x2 test by using the reduced x2 statistic

x2~
X O{Eð Þ2

s2total

where O and E represent the right and left hand sides of
Equations 4–6, respectively. From this, the p-values are estimated
from the cumulative density function of the x2 distribution, Q(x2/
k,k). The degree of freedom is k=54 and k=34 for the HH and
HHLS, respectively.

Derivation of Equations 4–6
We first present two key identities: the first one, which depends

on the form of s having additive mean and noise components, is a
change of variables for the gradient of P(spike|x+I0ē)

LP spike xzI0!eejð Þ
LI0

~
X

m

!eem
LP spike xzI0!eejð Þ

Lxm
ð12Þ

Secondly, when x is a Gaussian random variable with zero mean
and variance s2, by using integration by parts in can be seen that
any function F(x) satisfies

SF 0 xð ÞT~ 1

s2
SxF xð ÞT ð13Þ

SF 00 xð ÞT~ 1

s2
S xF xð Þ½ $’T{ 1

s2
SF xð ÞT

~
1

s4
Sx2F xð ÞT{ 1

s2
SF xð ÞT

Then, we first take derivatives of both sides of Equation 9 (or
equivalently Equation 1), by I0 and s2, and apply Equations 12
and 13. The first order in I0 is
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L log f
LI0

~
1

f

Lf
LI0

~
1

f

X

m

!eemS
L
Lxm

P spike xzI0!eejð ÞTx

~
1

s2
: 1

f

X

m

!eemSxmP spike xzI0!eejð ÞTx
ð14Þ

The second order is given by

L2log f
LI20

~
1

f

L2f
LI20

{
1

f 2
Lf
LI0

( )2

,

L2f
LI20

~
X

m,n

!eem!eenS
L
Lxm

L
Lxn

P spike xzI0!eejð ÞTx

~
1

s4

X

m,n

!eem!eenS xmxn{s2dmn
! "

P spike xzI0!eejð ÞTx,

ð15Þ

where dmn is a Kronecker delta symbol. The gain with respect to
variance is

Lf
Ls2

~{
n

2s2
fz

1

2s4

X

m

Sx2mP spike xzI0!eejð ÞT
x

~
1

2s4

X

m

S x2m{s2
% &

P spike xzI0!eejð ÞTx
ð16Þ

Now, we show how the right hand sides of Equations 14–16
correspond to the STA and the STC. Given a Gaussian white
noise signal j(t), we can split it as j= jI+jH, where jI belongs to
the space spanned by our basis features {em}, and therefore
relevant to spiking. jH is the orthogonal or irrelevant part. jI can
be written as

jjj tð Þ~e:x~
X

m

xmem, xm~

ð?

0

dt em tð Þj t{tð Þ

Again, x is a Gaussian variable from a distribution Equation 9.

The STA is

STA~SjTspike~SjjjTspike~
ð
dnx e:xð ÞP xzI0!ee spikejð Þ

since jH is irrelevant and does not make any contribution. Here
we use Bayes theorem

P spike xzI0!eejð Þ
P spikeð Þ ~

P xzI0!ee spikejð Þ
P xzI0!eeð Þ

As in Equation 9, P(s= x+I0ē) = p(x), and therefore the STA
becomes

STA~

ð
dnx e:xð ÞP spike xzI0!eejð Þ

P spikeð Þ
p xð Þ

~
1

f

X

m

emSxmP spike xzI0!eejð ÞTx

Comparing this result with Equation 14, we obtain Equation 4.
A similar calculation for the second order [19] shows

DC t,t0ð Þ~ 1

f

X

m,n

em tð Þen t0ð ÞS xmxn{s2dmn
! "

P spike xj zI0!eeð ÞTx

{STA tð Þ:STA t0ð Þ

This result, combined with Equations 15 and 16, leads to
Equations 5 and 6, respectively.
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White noise methods are a powerful tool for characterizing the computa-
tion performed by neural systems. These methods allow one to identify
the feature or features that a neural system extracts from a complex input
and to determine how these features are combined to drive the system’s
spiking response. These methods have also been applied to characterize
the input-output relations of single neurons driven by synaptic inputs,
simulated by direct current injection. To interpret the results of white
noise analysis of single neurons, we would like to understand how the
obtained feature space of a single neuron maps onto the biophysical
properties of the membrane, in particular, the dynamics of ion channels.
Here, through analysis of a simple dynamical model neuron, we draw
explicit connections between the output of a white noise analysis and the
underlying dynamical system. We find that under certain assumptions,
the form of the relevant features is well defined by the parameters of the
dynamical system. Further, we show that under some conditions, the fea-
ture space is spanned by the spike-triggered average and its successive
order time derivatives.

1 Introduction

A primary goal of sensory neurophysiology is to understand how stim-
uli from the natural environment are encoded in the spiking output of

Neural Computation 19, 3133–3172 (2007) C© 2007 Massachusetts Institute of Technology
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neurons. A useful tool for performing this characterization is white noise
analysis (Marmarelis & Marmarelis, 1974; Wiener, 1958; Rieke, Warland,
Bialek, & de Ruyter van Steveninck, 1997), whereby a system is stimu-
lated with a randomly varying broadband signal and the relevant features
driving the system are determined by correlating output spikes with the
signal. Extensions of this analysis to second order have been used to find
multiple stimulus features to which the system is sensitive (de Ruyter van
Steveninck & Bialek, 1988; Brenner, Bialek, & de Ruyter van Steveninck,
2000; Bialek & de Ruyter van Steveninck, 2005). Recently, these meth-
ods have been applied to characterize the computation performed by a
single neuron on its current inputs (Agüera y Arcas, Fairhall, & Bialek,
2003; Agüera y Arcas & Fairhall, 2003; Slee, Higgs, Fairhall, & Spain,
2005).

Due to detailed knowledge of the dynamics of ion channels, it is possi-
ble to build dynamical models of current flow in neurons that accurately
reproduce the voltage response of single neurons to current (or conduc-
tance) inputs. White noise analysis provides us with the capacity to re-
duce this complex set of dynamical equations to a simple functional model
with concrete components: linear feature selection followed by a nonlin-
ear decision function generating spikes. This procedure is compelling as
it provides a clear intuition about the form of the changes in the stimu-
lus to which the system is sensitive and how the system combines these
features in the decision to fire. Second order white noise methods have pro-
vided insight into coding properties at the systems level, in visual (Brenner
et al., 2000; Fairhall et al., 2006; Touryan, Lau, & Dan, 2002; Rust, Schwartz,
Movshon, & Simoncelli, 2005; Horwitz, Chichilnisky, & Albright, 2005) and
somatosensory (Petersen, 2003; Maravall, Peterson, Fairhall, Arabzadeh, &
Diamond, 2007) cortex. More recently, these methods have also been ap-
plied to characterize neural coding in single auditory (Slee et al. 2005),
central (Powers, Dai, Bell, Percival, & Binder, 2005), and model (Agüera y
Arcas, et al. 2003; Agüera y Arcas & Fairhall, 2003) neurons. However,
mostly missing from these analyses is a clear link between the obtained
stimulus features and the biophysical properties of the circuit or neuron.
This issue is particularly well posed for single neurons under stimula-
tion by direct somatic current injection, where the biophysical parame-
ters of the soma must dominate the neuron’s computation. Thus, given
the power of white noise methods, the questions that we wish to ad-
dress here are: How does the dynamical system governing neural behavior
map to the neuron’s functional characterization derived using white noise
analysis? How are the features determined by the neuron’s biophysical
properties?

1.1 Minimal Spiking Models. Neural dynamics are typically described
by conductance-based models that describe the temporal evolution of the
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voltage V due to an input current I and the variable ionic conductances of
ion channels:

CdV/dt = −
∑

i

gi (V)(V − Ei ) + I, (1.1)

where C is the membrane capacitance. Each conductance type i has a re-
versal potential Ei , where the conductances gi corresponding to different
ion channels may be voltage dependent through the dynamics of the corre-
sponding activation and inactivation gating variables ξi and φi :

gi = ḡiξ
pi

i φ
qi
i (1.2)

dξi/dt = fξi (ξ, V) (1.3)

dφi/dt = fφi (φ, V), (1.4)

where ḡi are constants and the functions fξ and fφ , are affine in ξ and φ,
respectively, but not in V. The exponents pi and qi are usually taken to be
integers and describe the cooperativity of molecules required to gate the
ion channel. This set of equations is highly nonlinear due to this cooperativ-
ity and the voltage dependence of the conductances. While ultimately we
would like to understand systems of many dynamical variables, we will be-
gin by analyzing a simplified spiking system: the FitzHugh-Nagumo (FN)
neural model (FitzHugh, 1961; Nagumo, Arimoto, & Yoshikawa, 1962). The
FitzHugh-Nagumo system is cubic in V, the lowest-order nonlinearity sup-
porting spike-like behavior, and is defined by

ψ dV/dt = V(1 − V)(a + V) − W + c + I, (1.5)

dW/dt = V − bW, (1.6)

where V is voltage, W is a generic inactivation variable with linear recov-
ery dynamics, I is the input current, and a , b, c, and ψ are parameters,
ψ � 1. The nullclines of the system are the curves along which dV/dt = 0
(the V nullcline, a cubic) and dW/dt = 0 (the W nullcline, a straight line).
Figure 1a shows the nullclines for zero input I on the phase plane. Trajec-
tories have been traced forward and backward in time through a randomly
chosen set of initial conditions. The unique intersection of the nullclines
is the stable fixed point. Elsewhere in the plane, trajectories always spiral
counterclockwise, but qualitatively, there are two kinds of orbits, ultimately
both converging to the stable fixed point. Subthreshold orbits make only
small excursions; however, for trajectories starting with either low inactiva-
tion (roughly W < −.45) or high voltage (for example, V > 0), the system
makes a large excursion around the right branch of the V nullcline, cor-
responding to a spike, before settling back to the fixed point. Although
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Figure 1: (a) Phase plane of the FitzHugh-Nagumo neuron model with trajec-
tories and threshold (dashed line). Parameters are a = 0.1, b = 0.5, c = −0.4,
and ψ = 0.015. (b) A single extended trajectory on the FN phase plane driven
by white noise input, showing multiple spikes. The threshold (dashed line) still
makes an approximate boundary of the spiking and nonspiking portions of the
trajectory (gray).

we will generally be considering a time-varying input I (t), we will make
heavy use of the I = 0 phase plane; one can regard this as representing the
instantaneous flow if the input current is switched off. For I = 0, one can de-
fine a separation of spiking initial conditions from subthreshold conditions,
marked in light versus dark gray in Figure 1a. This separation of behavior
can be thought of as a threshold. Typically the threshold for spiking is taken
to be a threshold in voltage only, but this phase-plane picture demonstrates
that one should really consider the threshold to depend on both V and the
hidden inactivation variable(s) (Izhikevich, 2006).

One can approximate this “dynamical” threshold by considering a min-
imal spiking trajectory. There is no absolute distinction between spiking
and subspiking trajectories in type II neurons (Gerstner & Kistler, 2002)
such as Hodgkin-Huxley and FitzHugh-Nagumo, so this choice is neces-
sarily somewhat arbitrary. Starting with a point on the phase plane at the
end of the spike plateau, one can eliminate time from the dynamical equa-
tions, solving parametrically for the curve passing through this point. Here,
we obtained one such curve by numerically solving the equations from the
local maximum of the cubic nullcline, given by d

dV V(1 − V)(a + V) = 0.
One of the issues we explore in this article is the relationship between the

geometry of the threshold in the multidimensional space of the dynamical
variables and the measurements one makes in white noise analysis.

1.2 White Noise Analysis. Our approach is based on the functional
perturbation expansion method, which we briefly review here. The simplest
such expansion is known as the Volterra series (Volterra, 1930; Marmarelis,
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& Marmarelis, 1974; Marmarelis, 2004), where the functional y(t) = y[I (t)]
is expanded as

y(t) = h0 +
∫

dt1 h1(t1)I (t − t1)

+ 1
2!

∫
dt1dt2 h2(t1, t2)I (t − t1)I (t − t2) + · · · , (1.7)

where the kernels hi are called Volterra kernels. One problem with Volterra
analysis is that the successive order kernels are not independent. For exam-
ple, h2 contains a constant component ∼ ∫

dt1 h2(t1, t1).
Wiener analysis (Wiener, 1958; Rieke et al., 1997) avoids this issue. In this

framework, I (t) is assumed to be zero mean gaussian white noise satisfying

〈
I (t)I (t′)

〉 = σ 2δ(t − t′).

Under Wiener analysis, y[I (t)] is expanded as

y(t) = g0 +
∫

dt1 g1(t1)I (t − t1)

+ 1
2!

{∫
dt1dt2 g2(t1, t2)I (t − t1)I (t − t2) − σ 2

∫
dt′ g2(t′, t′)

}
+ · · · .

(1.8)

In the Wiener expansion, each kernel is independent of the others, since at
each order, one subtracts out the lower-order components. Therefore, the
kernels gi can be easily obtained by measuring the correlation functions
between y(t) and I (t)—for example,

〈
y(t)

〉= g0 +
∫

dt1 g1(t1)
〈
I (t − t1)

〉

+ 1
2!

{∫
dt1dt2 g2(t1, t2)

〈
I (t − t1)I (t − t2)

〉

− σ 2
∫

dt′ g2(t′, t′)
}

+ · · ·
= g0,〈

y(t)I (t − t1)
〉= g1(t1)/σ 2,〈

y(t)I (t − t1)I (t − t2)
〉= g2(t1, t2)/σ 4,
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and so on. The correlation method can be used to determine the relationship
between Wiener and Volterra kernels. From equation 1.8,

g0 = h0 +
∫

dt1 h1(t)
〈
I (t − t1)

〉

+ 1
2!

∫
dt1dt2 h2(t1, t2)

〈
I (t − t1)I (t − t2)

〉 + · · ·

= h0 + σ 2

2!

∫
dt′ h2(t′, t′) + · · · ,

g1(t) = h1(t) + σ 2

2!

∫
dt′h3(t′, t′, t) + · · · ,

and so on.
Wiener analysis has been successfully used to determine the relevant

feature space for neural systems by reverse correlation of the spiking output
with white noise input. For this application, the output is taken to be the
sequence of spike times, ρ(t) = ∑

i δ(t − ti ). Let us define the stimulus s as
a linear transformation of the current input I (t),

si =
∫

dt′ fi (t′)I (t − t′), (1.9)

where fi are some set of independent linear filters. The goal is to determine
how a single spike is generated by I , reduced to a vector s comprising
projections along the relevant dimensions fi .

We need to compute the probability of spiking as a function of the input,
P

(
spike|s),

P
(
spike|s) = P(spike)G(s), (1.10)

where G(s) is the input-output function relating ρ(t) to the time-varying
stimulus s(t), and we have separated out the scale factor P(spike) propor-
tional to the mean firing rate. In principle, since the equations of motion
are deterministic, P

(
spike|s) is a Boolean function. However, as we will be

approximating s by a finite-dimensional truncation and will be solving for
P itself in successive orders, the result will no longer be Boolean.

We can compute P
(
spike|s) using Bayes’ theorem (Rieke et al., 1997),

G(s) = P
(
spike|s)

P(spike)
= P

(
s|spike

)
P(s)

. (1.11)
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This shows that the Wiener kernels of G(s) are the moments of P
(
s|spike

)
,

which can be easily measured. In this article, we focus on the first two mo-
ments of this distribution.1 The first moment is the spike-triggered average
(STA), s̄(t),

s̄(t) = 〈
I (ti − t)

〉
i =

∫
ds sP

(
s|spike

) =
∫

ds sP(s)G(s), (1.12)

where the average 〈·〉i over the spike occurrence times {ti } is replaced with
an average over the spike-triggering ensemble. When the neuron has mul-
tiple characteristic features, the STA may contain little information about
them since it points in only a single direction, which is a certain linear com-
bination of relevant features. The second-order kernel, however, can give
such information. This kernel is related to the spike-triggered covariance
(STC) matrix C , which we will define as

C(t, t′) = 〈
I (ti − t) − s̄(t), I (ti − t′) − s̄(t′)

〉
i − 〈

I (τ − t)I (τ − t′)
〉
τ

= σ 2g0δ(t, t′) + σ 4g2(t, t′) − s̄(t)s̄(t′) − σ 2δ(t, t′) (1.13)

= σ 4g2(t, t′) − s̄(t)s̄(t′).

g2(t, t′) is the second-order Wiener kernel of G(s). When a functional F [s]
depends on gaussian noise s,

〈
si F [s]

〉 = ∑
j

〈
si s j

〉 〈
∂ j F [s]

〉
. Thus, we can ex-

pand g2 (Bialek & de Ruyter van Steveninck, 2005),

g2(t, t′) =
∑
i, j

〈
∂2G

∂si∂s j

〉
fi (t) f j (t′), (1.14)

where equation 1.9 introduces the linear filters that define the components
of s.

Therefore, unless the modified Hessian Ĥi j = 〈 ∂2

∂si ∂s j
G〉 − 〈 ∂

∂si
G〉〈 ∂

∂s j
G〉

has null directions,2 the STC is spanned by the relevant feature space { fi }.
Diagonalizing the STC and extracting the eigenvectors with the largest
absolute eigenvalue will determine the leading dimensions spanning the
feature space (Brenner et al., 2000; Agüera y Arcas et al., 2003; Bialek &
de Ruyter van Steveninck, 2005). Eigenmodes appearing with negative
eigenvalue correspond to stimulus directions in which the variance of the

1 Note that the zeroth-order kernel is simply g0 = 1.
2 Since s̄(t)s̄(t′) is only rank one, there are only two possibilities leading to null direc-

tions. The first is when 〈∂i ∂ j G〉 has null directions, in which case it is excluded (for our
purposes) by definition. The second case is when 〈∂i ∂ j G〉 has an eigenvector s̄(t) with an
eigenvalue ||s̄ (t)||2, which does not happen generically.
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spike-conditional distribution is reduced relative to the stimulus prior dis-
tribution; eigenmodes with positive eigenvalues are directions with in-
creased variance. Such cases may arise if the spike-conditional distribu-
tion is bimodal in some direction or if it forms a ring around the origin;
phase-invariant (complex) cells are an example (Simoncelli, Pillow, Panin-
ski, & Schwartz, 2004; Rust et al., 2005; Fairhall et al., 2006; Petersen, 2003;
Maravall et al., 2007).

In this article, we work with a multidimensional space of dynamical
variables, as in equations 1.1 to 1.6, for which we obtain the Volterra series.
When we denote them with yi , the Wiener kernels for G(yi ) can be expanded
as

g1[G] =
∑

i

∂G
∂yi

g1[yi ] + · · · ,

g2[G] =
∑

i

∂G
∂yi

g2[yi ] +
∑
i, j

∂2G
∂yi∂yj

g1[yi ]g1[yj ] + · · ·
· · ·

where gn[yi ] is an nth Wiener kernel of yi and dots represent higher-order
terms than quadratic. Here we note that gn[yi ] is generated by the infinite
series of Volterra kernels. Moreover, we will see later that the Volterra
kernels at each order can be constructed from the set of first-order kernels.

2 Linear Systems

In section 1, we discussed the application of white noise methods to exper-
imental data where the output of the system is measured as the firing times
of spikes. With access to the entire dynamical system, one could attempt to
model the relationship between the input I (t) and the output voltage V(t),
including both subthreshold and spiking behavior. As we have discussed,
neurons are highly nonlinear. Perturbative expansions such as Wiener and
Volterra series generally are unable to capture the nonlinearities of spike
generation with few terms. However, a very successful and highly influ-
ential approach to the modeling of neural systems has been to separate a
linear filtering stage from an explicit nonlinearity, capturing the very sharp
voltage increase of the spike (Victor & Shapley, 1980; Gerstner & Kistler,
2002; Kistler, Gerstner, & van Hemmen, 1997; Berry & Meister, 1999). This
is known as a cascade model, and in various forms is the theoretical basis
for many of the simple neuron models in use, including integrate-and-fire
neuron (Gerstner & Kistler, 2002; Agüera y Arcas & Fairhall, 2003), the
spike response model (Gerstner & Kistler, 2002), generalized integrate-and-
fire models (Paninski, Pillow, & Simoncelli, 2004) and cascade models of
retinal ganglion cells (Victor & Shapley, 1979, 1980; Keat, Reinagel, Reid,
& Meister, 2001; Pillow, Paninski, Uzzell, Simoncelli, & Chichilnisky, 2005).
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The success of these models suggests that a breakdown of the dynamical
system into its linear component and a threshold is a useful approximation
to examine. In our analysis of the dynamical system, we will take the ap-
proach of experimental work, where the output is reduced to a sequence
of spike times. Our goal here is to derive the form of the multidimensional
linear stage that arises directly from the equations of motion and examine
the consequences of thresholds of various forms.

We begin by walking through some simple linearized systems analy-
sis and clarify the connection with the cascade model picture. Rewriting
equations 1.1 to 1.4 in the following simple form,

∂t yk = fk(y1, y2, . . . , yN) + I (t)δk0, k = 0, 1, · · · , n − 1, (2.1)

we assume that they have a fixed-point solution yk(t) = y(0)
k when I (t) = 0.

Now the linear approximation of the system around the fixed point is given
by3

Dkm y(1)
m = I (t)δk0, (2.2)

where

Dkm = δkm∂t − Jkm, Jkm = ∂ fk

∂ym

∣∣∣∣
y(0)

. (2.3)

The linear filters are the kernels of equation 2.3, ε(1) = D−1. They satisfy

Dkmε
(1)
ml (t) = δklδ(t), (2.4)

giving the linear filter form for the system’s evolution:

y(1)
k (t) =

∫ t

−∞
dt′ ε(1)

k (t − t′)I (t′), (2.5)

where ε
(1)
k = ε

(1)
k0 . Equation 2.4 can be solved by diagonalizing the Jacobian

matrix Jkm. Letus consider the following diagonalization with eigenvalues
λα :

λαδαβ = Uαk JkmU−1
mβ . (2.6)

3 From here on, we use the Einstein summation convention, for example, Ckmdm ≡∑
m Ckmdm.
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Here we employ the notation that indices in the diagonalized basis are
Greek letters. Therefore, equation 2.4 can be written in the new basis as

Dαε̃(1)
α = Uα0δ(t), Dα = ∂t − λα, (2.7)

where the first-order kernels ε̃(1) in this basis are

ε̃(1)
α (t) = eλα t H(t),

where H(t) is the Heaviside step function and arises from causality. The
eigenvalues λα can be real or complex. The sign of the real part of the
eigenvalues is determined by the stability properties of the fixed point
at y(0). For a neural system, this fixed point should be attracting, so all
eigenvalues have negative real part, and thus eigenvectors decay as t → ∞.
This underscores that the linear filters can take only a limited number of
forms: decaying exponentials or damped oscillations.

We note the following facts. First, in general, an n-dimensional system
will have n independent first-order kernels, except when the Jacobian has
a degenerate spectrum. Further, the linear kernels can be generated from a
“master kernel,”

ϕ(t) =
∑

α

eλα t H(t),

and its time derivatives up to nth order. To show this, from the expression
of the derivative of a master kernel,

∂t
kϕ(t) =

∑
α

λk
αeλα t = Tkαeλα t, Tkα = λk

α, (k, α = 0, . . . , n − 1),

up to additive singular terms coming from the derivatives of H(t). Tkα is
a Wronskian matrix of exponentials at t = 0. The determinant of Tkα is the
Vandermonde determinant det (Tkα) = ∏

α>β (λα − λβ ), which cannot vanish
by definition (Gradshteyn & Ryzhik, 2000). This means that the master
kernel and its derivatives can be transformed to eλα t’s in a nonsingular
way.

Therefore, we conclude that all first-order kernels can be expressed in
terms of a master kernel and its time derivatives. Frequently the first-order
kernel is nonzero at t = 0, so that the time derivative of the filter also
includes a delta function at t = 0. We will see the appearance of this singular
component in the white noise analysis.
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To recover the filters corresponding to the dynamical variables, one must
invert the diagonalizing operation, equation 2.6, to obtain linear combina-
tions of the eigenmodes:

ε
(1)
i (t) = U−1

iα ε̃(1)
α (t) =

∑
α

cαeλα t H(t), (2.8)

where the coefficients cα derive from the components of the Jacobian. Thus,
the filters of the linear system are sums of exponentials—either purely real
or with an imaginary component. To the extent that subthreshold dynamics
are well approximated by the linearized system, this shows clearly why
one might expect to find both integrate-and-fire-like neurons, with filters
having purely real associated eigenvalues, and oscillate-and-fire neurons
(Izhekevich, 2001; Hutcheon & Yarom, 2000) with a corresponding eigen-
value having a nonzero imaginary part. In terms of the linear system, the
possible set of filters or feature space of the system is dual with the dynam-
ical variables that define the system. The subset of features that are relevant
to a spike occurring are those that contribute to crossing the internal state
over “threshold.”

The properties outlined above have an interesting implication for white
noise analysis in the case that the system is well described by subthreshold
linearity. As we will see in the next section, the STA is typically a linear
combination over the relevant features and their derivatives. If the compo-
nents of the STA belong to the true feature space, as they typically will, one
can derive the basis for the feature space from the STA and its successive
order time derivatives, as has been empirically observed (Rieke, 1991).

2.1 Higher-Order Series Terms. The higher-order approximations to
the system can also be expressed in terms of first-order kernels. For example,
the second-order approximation is given by the following equation:

Dkm y(2)
m = 1

2!
Hkmn y(1)

m y(1)
n , Hkmn = ∂2 fk

∂ym∂yn

∣∣∣∣
y(0)

, (2.9)

whose solution is

y(2)
k = 1

2!

∫
ds1ds2 ε

(2)
k (t − s1, t − s2)I (s1)I (s2),

ε
(2)
k (t1, t2) =

∫
dt′ Hlmnε

(1)
kl (t′)ε(1)

m (t1 − t′)ε(1)
n (t2 − t′). (2.10)

In this way, all of the higher-order kernels can be obtained by outer prod-
ucts of first-order kernels. The detailed computation is summarized in
appendix A.
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2.2 White Noise Analysis of Threshold-Crossing Linear Neurons. In
this section, we assume that the higher-order nonlinearity of the system is
well captured by a threshold. Since voltage is generally the only observed
variable, “the threshold” is often taken to be a threshold on the voltage. The
imposition of a threshold on the voltage alone has been applied even to neu-
ral models such as FN and the Hodgkin-Huxley model system, where there
is no difficulty in defining a threshold in V and the “hidden” dynamical
variables of W (FN) or m, n, and h (HH). Here we consider the implications
of considering the threshold to apply in multiple dimensions. Before we
discuss the validity of the threshold approximation for an FN neuron, we
illustrate the results from applying white noise analysis to models with
a variety of threshold structures acting on subthreshold linear dynamics
given by the linearized FN system.

Previous work has treated simple one-dimensional linear and nonlinear
models, in which a spike is defined when the output of a single linear filter
f on a random current input crosses a threshold. One can show (DeWeese,
1995; M. Meister, private communication, November 2004) that covariance
analysis on this model finds two modes: the filter f and its time derivative,
f ′. The derivative mode is a result of the criterion defining the spike only
on the upward crossing of the threshold:

d
dt

∫ t

dτ f (t − τ )I (τ ) > 0 →
∫ t

dτ f ′(t − τ )I (τ ) > 0. (2.11)

Thus, the variance of projections onto f ′ is also reduced with respect to the
prior. Covariance analysis has also been performed (Fairhall et al., 2006) on
more realistic models in which an exponentially decaying afterhyperpolar-
ization (AHP) is added to the voltage following a spike (Gerstner & Kistler,
2002; Keat et al., 2001). This makes the threshold-crossing model more re-
alistic, but the manipulation does not alter the ( f, f ′) eigenmode structure
unless the timescale of the AHP is short enough that spiking occurs many
times during the superthreshold fluctuation, which destroys the correlation
with positive f ′.

Here we assume that the system evolves according to linear subthreshold
dynamics. We treat five cases. In the first three, the threshold is linear, but
in different components of the 2D space; in the last two, the threshold is a
nontrivial two-dimensional structure. The thresholds used are:

1. A traditional threshold in V only

2. A threshold in W only

3. A threshold on a linear combination of V and W

4. The union of two piecewise linear segments in V and W, that is, a
logical “or” on 1 and 2

5. A curved threshold on a smooth, nonlinear function of V and W
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From the discussion in Section 2, the linear space in which the n-dimensional
system operates is defined by the n filter inversions of the dynamical system,
(see equation 2.5). The effect of the threshold is to select as relevant from
those n dimensions the subspace defined by the filter directions that have a
nonzero projection onto the threshold. Thus, we would predict that for the
linear threshold, we will find two relevant modes: the primary direction f ,
which is normal to the direction of the threshold, and f ′, its time derivative.
For a threshold in a single dimension, V or W only, f should recover the
V or W filter, respectively, and the corresponding time derivative. For a
threshold that is a linear combination of V and W, f should be a linear
combination of the V and W filters. The distribution of trajectories is simply
a linear transformation of the original gaussian stimulus distribution. Any
linear threshold in this plane will produce negative eigenmodes, as the
set of points selected by the threshold must have decreased variance with
respect to this prior.

When the threshold is not linear in V and W, we expect to find two
primary filters, f1 and f2, which will be some linear combination of the V
and W filters, and, in principle, the time derivatives. However, the number
of modes will be less than or equal to n + 1 because, as we have shown,
the time derivatives span the same space as the linear variables themselves.
(Note that the +1 accounts for the singular component of the time deriva-
tive, δ(t), arising from discontinuity of the filters at t = 0.) Furthermore, a
threshold that is not linear may produce a spike-conditional distribution
with a direction in which the variance is actually increased with respect to
the prior; such a direction will appear with a positive eigenvalue.

Figure 2b shows the thresholds that we applied to the FN first-order
linear dynamics. The results of the covariance analysis are shown in
Figures 2c and 2d. Figure 2c shows the covariance eigenvalue spectra for all
five cases. The significant eigenvalues are empty circles beyond the error
level denoted by the shaded box.4 In the cases with thresholds on V only,
on W only, and linear in both V and W, only two modes are obtained. With
2D thresholds, cases 4 and 5, three eigenmodes appear. Figure 2d shows
the corresponding modes. We see that the V threshold picks out ε

(1)
V , the

W threshold selects ε
(1)
W , and the (V, W)-linear threshold leads to a linear

4 Significance of eigenvalues can be evaluated as follows. Let N be the number of spikes
and d the dimension of each sampled stimulus. To estimate the finite size or dimension
error, we choose N d-dimensional stimuli at random (Rust et al. 2005). In this case, the
covariance matrix C in equation 1.14 is filled with d(d + 1)/2 random numbers drawn
from a normal distribution N (0, σ 2

√
2/N) in the large N limit. When d 
 1, the eigen-

values of this matrix follow Wigner’s semicircle law, and their distribution is bounded
by ±2

√
2σ 2√d/N, which is the error level (Mehta, 1991). When the stimulus has small

correlation, the semicircle is not a good approximation of the eigenvalue distribution, but
change in the upper and lower bounds rarely exceeds an order of magnitude, which can
be checked by numerical simulation.
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combination of these filters. In the latter two cases, the eigenmodes are a
linear combination of ε

(1)
V , ε

(1)
W , and ∂tε

(1)
V , itself a linear combination of the

V and W kernels and δ(t).
Figure 2d also shows the projection of spike-triggered stimuli onto two

of the distinguished eigenvectors. In the first three cases, the linearity of the
threshold is manifested in the 2D plane as a single elliptic cluster, while the
nonlinear threshold cases show richer structure.

Recall that the filters are generated by linear combinations of a mas-
ter filter and its time derivatives. This implies that our multidimensional
threshold structure has a natural interpretation as a dynamical threshold,
depending not only on the voltage V but also on ∂tV, ∂t

2V, and so on
(Azouz & Gray, 2000). We will show how well this approximation fits for
the Hodgkin-Huxley model in the final section.

2.3 Analysis of Threshold-Crossing Models in Multiple Dimensions.
An advantage of the simple models introduced in the previous section is
that they can be treated analytically. From equation 1.11, we have

G(s) = P
(
spike|s) P(s)
P(spike)

= P
(
spike|s) P(s)∫

Ds P
(
spike|s) P(s)

,

where
∫

Ds = ∫
ds1ds2 · · ·. Instead of directly computing G(s), we charac-

terize it by a moment generating function:

W[j] = log
∫

DsP(spike|s)P(s)e j·s. (2.12)

We define an n-dimensional first-order system, given by dynamical vari-
ables yk and the corresponding linear filters εk as in equation 2.2. We assume

Figure 2: (a) First-order kernels of the FN neuron model, drawn as filters, that is,
in −t. (b) Various thresholds for the linear system. V (vertical), W (horizontal),
linear (dashed), piecewise linear (dotted), and curved (solid curve) thresholds
are used. (c) Spectra of covariance matrices for the thresholds. The shaded box
represents the level of error from finite sample size and dimension. (d) STAs
and covariance modes of the linear system with various thresholds. The non-
singular part of each mode is fitted using least squares to a linear combination
of the (orthogonalized) first-order kernels as v f i t = cVε

(1)
V + cWε

(1)
W . The kernels

are normalized, excluding the δ-function component. The coefficients (cV, cW)
are displayed above each plot, and the gray line is a fitted function. For each
case, we show the projection of spike-triggered current histories onto either the
leading two negative modes, v1 and v2, or v1 and v+, depending on the threshold.
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that the stimulus is a gaussian white noise current I (t) with zero mean and
variance σ 2. Thus, as before,

yk(t) =
∫ ∞

0
dτεk(τ )I (t − τ ).

We denote a random segment of the current stimulus I (τ ), τ ≤ t as an
infinite-dimensional vector s.5 Any sample of y is therefore a functional of
the random variable s, y[s]; for simplicity, we will write y.

Spiking is determined by crossing a threshold θ (y) = 0 in the phase space
from below. Then,

P
(
spike|s) = δ(θ (y))H(ẏ · ∇yθ (y))ẏ · ∇yθ (y).

The Heaviside function H(·) ensures that spiking occurs only on a threshold
crossing from below, and the weight factor ẏ · ∇yθ (y) is a geometric factor
accounting for the flux at the threshold. The filters εk are not necessarily
normalized or orthogonal to each other, and it is convenient to define the
orthonormal basis { fµ}, which spans the same space as {εk}. Then there will
be a linear transformation Tµk ,

fµ = Tµkεk,

and so we define a new coordinate system:

zµ ≡ Tµk yk .

As s is gaussian, the orthonormally transformed variable z is also gaussian
with variance σ 2.

Now we can separate the stimulus into two components: its projection
into the subspace spanned by the { fµ} and the orthogonal component. We
denote the corresponding directions of j as j = j‖ + j⊥, where

j‖µ(t) =
∫ ∞

0
dτ j(t − τ ) fµ(τ ).

5 In practice, any application to data requires discretization in time. We use the con-
vention that a function f (t) is discretized as f̂ t = f (t)

√
�t, where �t is the time step.

This implies
∫

f 2dt ≈ ∑
i f (i�t)2�t = ∑

i f̂ 2
i = f̂ · f̂, and thus the vector f̂ obtained by

discretizing f (t) has a vector norm corresponding to the L2 norm.
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The moment generating function can then be separated as W[j] = W‖[j‖] +
W⊥[j⊥], where

W⊥[j⊥] = log
∫

Ds⊥ e−s2
⊥/2σ 2+j⊥·s⊥ = σ 2

2
j⊥(t)2 + const, (2.13)

where s⊥ are the components of s orthogonal to the plane spanned by z,
and

W‖[j‖] = log
∫

dnz det(T−1)e−z2/2σ 2
δ(θ (z))H(ż · ∇zθ (z))ż · ∇zθ (z)e j‖·z

= log
∫

dnz e−z2/2σ 2
δ(θ (z))w(z)e j‖·z + const, (2.14)

with

w(z) = H((Rz) · ∇zθ (z))(Rz) · ∇zθ (z),

where R = T J T−1 is the Jacobian matrix of the linear system, equation 2.2,
in the { fµ} basis, and we use

żµ = Tµk ẏk = Tµk Jkl yl = (T J T−1)µνzν .

As previously discussed, the closure under time differentiation of the space
spanned by the first-order kernels is assured by ż, as in equation (A.5) in
appendix A. Note that our separation of W[j] depends on this particular
property. For a fixed spike time t, restricting ourselves to the region where
τ < t, W⊥[j] becomes a static integral. Thus, equation (2.14) shows clearly
how the properties of this model emerge. P

(
spike|s) is given by a thresh-

old with a weight function w(z) up to some linear transformations. There-
fore, for example, the linear threshold case reduces to the one-dimensional
case. Since ∇zθ (z) is a constant vector, every computation reduces to a one-
dimensional integral in this direction, and the corresponding filter is a linear
combination of fµs, as we have observed in Figure 2d. Furthermore, a vari-
ety of structures may be generated depending on how trajectories cross the
threshold.

From equations 2.14 and 2.13, we can derive the analytic forms of the
first- and second-order moments:

STA(τ ) =
∑

µ

cµ fµ(τ ), cµ = 1
N

∫
dnz zµe−z2/2σ 2

w(z),

N =
∫

dnz e−z2/2σ 2
w(z), (2.15)
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and

C(τ, τ ′) =
∑
µ,ν

(
cµν − cµcν − σ 2δµν

)
fµ(τ ) fν(τ ′),

cµν = 1
N

∫
dnz zµzνe−z2/2σ 2

w(z). (2.16)

Note that we have assumed a prior based on the distribution of ran-
domly driven trajectories of the linear system. This takes no account of
perturbations of this distribution due to flux from the system’s return from
a spike. This assumption is equivalent to assuming that the last spike is in
the distant past, so that memory of that perturbation has vanished. In this
article, we consider only this “isolated spike” case. We return to this point
in the discussion.

2.4 Variance Dependence. Through equations 2.15 and 2.16, this model
captures an explicit dependence of the white noise outcome on the
stimulus statistics, in particular, the variance σ 2. While the subthresh-
old dynamics are linear, the dependence on σ is nonlinear due to the
threshold shape and the weight function w(z). We discuss two examples
below.

We first consider a linear threshold. Through a suitable linear trans-
formation, this case simply reduces to a filter-and-fire model with a sin-
gle filter, say, f0, and a fixed threshold z0 = θ f . Now the distribution
of threshold crossing points is constrained by z0 = θ f and ż0 > 0. As
we mentioned in the previous section, ż0 lies in the originally defined
feature space and is given by another single filter, which we denote
by f1. In other words, when the normalized ḟ0 is denoted by f ′

0, we
can choose f1 = f ′

0 by a suitable orthogonal linear transformation. Thus,
our system depends on two filters, which are depicted schematically in
Figure 3a.

The STA is the centroid of the distribution of threshold crossing points.
Equation 2.15 reproduces a previously known result (M. Meister, private
communication November 2004; Fairhall et al., 2006),

STA(τ ) = θ f f0(τ ) + σ√
π/2

f1(τ ). (2.17)

With high-variance σ 
 θ f , the STA is dominated by f1. In the feature space,
with increasing variance, the threshold stays the same, but a larger portion
of it is crossed by trajectories driven by the larger variance ensemble, as can
be seen in Figure 3a.

When the threshold is curved, the σ dependence is considerably more
complicated. We will consider an extreme but analytically tractable version
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Figure 3: (a) Diagram of a single filter model. The disc of radius σ represents the
prior gaussian distribution. The dotted line is the model threshold imposed at
z0 = θ f . The thick line is a distribution of spike-triggered stimuli, and the white
dot represents its average, the STA. (b) Diagram of a model whose threshold is
the union of two lines, each imposed at a distance θ f,g from the center. Two gray
dots denote the STAs for each segment.

of this case to illustrate the point: let the curved threshold be approximated
by two linear ones imposed at θ f and θg in the f0 and g0 directions, respec-
tively, as in Figure 3b. In this case, one segment of the threshold imposes
a dependence on the filters f0 and its (normalized) derivative, f1, while
the other selects g0 and g1 = ġ0/‖ġ0‖. The space of relevant features is still
two-dimensional or three-dimensional, including the δ-function, since g0

and g1 are linear combinations of f0, f1, and possibly also δ(t).
Now the STA of this system is

STA(τ ) = cos2 ϕ · STA f (τ ) + sin2 ϕ · STAg(τ ),

ϕ = tan−1 e (θ2
f −θ2

g )/4σ 2
, (2.18)

where STAε(τ ) = θεε0(τ ) + σ√
π/2

ε1(τ ) as in equation 2.17. Note that as in

Figure 3b, the STA does not lie on the threshold. As for a variety of experi-
mental examples such as complex cells (Touryan et al., 2002), neurons of rat
barrel cortex (Petersen, 2003), and some retinal ganglion cells (Fairhall et al.,
2006), the spike-triggered stimuli are poorly represented by their first-order
statistics, the STA. Also, the coefficients of STA f,g depend exponentially on
θ f,g and σ . Thus, the system shows a nonlinear dependence on the stimulus
variance.

Figure 4 shows an example. The W threshold model does not show any
significant change, except sharpening of the STA due to the increased com-
ponent of ε̇W, Figure 4b, and linear broadening of the spike-triggered stimu-
lus distribution. The piecewise linear threshold case is more dramatic: while
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Figure 4: Two examples of variance dependence in the linear system model.
(a) Spectra of the covariance matrix for several different variance stimuli.
(b) Significant eigenmodes. (c) Projection of spike-triggering stimuli onto the
filter subspace defined by v1,2 for the linear and v1,+ for the piecewise linear
threshold, respectively, colored according to the stimulus variance as in the leg-
end of b. The circled points are the centers of the distributions, corresponding
to the respective STAs, colored according to the respective distribution.
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the smallest variance does not drive the system hard enough to produce a
positive eigenmode (hence, the one-dimensional distribution of projections
seen in Figures 4b and 4c, red), a new significant mode emerges as the vari-
ance increases. The STA changes beyond sharpening and almost looks like
a different model at high variance compared with low variance. Each of
the significant modes changes as more trajectories cross the threshold from
the other side and the principal axis of the distribution rotates, as seen in
Figure 4c.

3 Dynamical Threshold

In the previous section, we considered neuron models composed of lin-
ear filters derived from the FN neuron, and some choices of imposed
thresholds. However, when we consider the full FN neuron, the threshold
arises from the structure of the FN equations, 1.5 and 1.6. Here we dis-
cuss the importance of the threshold identification for reverse correlation
analysis.

The problem of the identification of a threshold arises immediately on
attempting a reverse correlation analysis; spike times are often defined by
the threshold crossing of the voltage. Here also we can impose an arbitrary
threshold in V to identify each spike. The STA obtained using this scheme
is displayed in Figure 5a. It is clear that it cannot be well described by
the first-order kernels. However, this does not mean breakdown of the
analysis; rather, it underscores the point that the STA or any other single
spike quantities should be computed using the “correct” threshold that we
take to be the dynamical threshold discussed in section 1.

Figure 5b compares the spike-triggered stimuli in the fixed V and dy-
namical threshold cases. While the peaks of the stimuli are spread out in
time in the fixed V threshold case, for the dynamical threshold, the peaks
lie in a narrow band around the spike time. As we can see from Figure 1,
the spiking trajectories cross the dynamical threshold before crossing the
V threshold, and this timing difference, �t, depends on W. Additionally,
since the system is driven by gaussian white noise, the variability increases
with the timing difference, inducing a point-spread function on the STA.
Hence, each spike-triggered stimulus is contaminated by this temporal jit-
ter, and estimated filters are distorted. As mentioned in section 1.1, the FN
neuron does not have a clear-cut dynamical threshold; the threshold was
chosen to some degree arbitrarily, and this will induce some error in the
estimation of filters. However, Figure 6a shows the improvement in the
STA computed using the dynamical threshold. Figures 5c and 5d show the
point-spread distribution—the distribution of values of �t—and how it is
correlated with W. This situation is similar to that discussed in Aldworth,
Miller, Gedeon, Cummins, & Dimitrov, (2005), where it was noted that tem-
poral or spatial jitter can blur the estimation of filters and receptor fields.
There, a blind deconvolution algorithm was used to “dejitter” and realign
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Figure 5: Effect of a dynamical threshold in the FN model. (a) STA of the full
FN system with a constant V threshold. As before, a linear fit by the kernels is
also shown. (b) Comparison of spike-triggered stimuli with different threshold
choices in the FN model. (c) Temporal point-spread function induced by the
choice of threshold. �t is the time delay from crossing the dynamical threshold
to the fixed V threshold. (d) Time delay of each spike-triggered stimulus plotted
against the value of W at its threshold crossing point.

the spike-triggered stimuli, which dramatically sharpened the estimate of
the spike-triggering stimulus. In a real system, jitter may indeed be due at
least partly to noise, but it is also possible that a component of such jitter
is deterministic and due to variability in the point of dynamical threshold
crossing, as in the FN case. Blind deconvolution may then be viewed as
an empirical approach to recovering a dynamical threshold based on spike
times originally recorded using a voltage threshold. It is interesting to note
that estimated jitter in such a case is correlated with projection onto the STA
derivative.6

6 This correlation arises because the STA derivative is the linear approximation to time
translation of the STA. Hence, if a current history aligns with the STA better under a small
time translation or jitter, it will have a projection onto the STA derivative proportional
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4 Fully Nonlinear Systems

In this section, we discuss the covariance analysis of the full FN system and
compare the result with the same analysis of the first- and second-order
approximation.

We identified approximately 2 × 106 spikes first using a voltage thresh-
old and then backtraced each trajectory to the point where it crosses the
dynamical threshold shown in Figure 1. The trajectory might cross the
threshold multiple times before spiking due to the noisy input. In this case,
we used the first crossing point after the trajectory diverges from that of
the second-order approximation. This is based on the assumption that the
second order is a sufficiently good approximation of the system in the sub-
threshold regime. For both the first- and second-order system, crossing of
the dynamical threshold is used to identify spikes. Right after a spike, we
imposed a postspike inhibitory period equal to about a “spike width,” as
empirically determined from the full system.

The results are shown in Figures 6 and 7. Figure 6a shows that the STA of
the first-order approximation is quite similar to that of the full system, and
the second-order STA is even closer. From the covariance analysis, we see
that the FN neuron, like the HH model (Agüera y Arcas et al., 2003), has one
dominant negative and one dominant positive eigenvalue. However, the
results from the covariance analysis of the three systems differ considerably.
Both the second-order and the full system show a relatively large number of
significant eigenvalues. This is due to the contribution of the second order
g2[V] and g2[W] (and higher-order) kernels in equation 2.1. However, these
are relatively suppressed compared to the first-order modes. Further, the
spectrum derived from the second-order system, Figure 6b, has no positive
significant eigenvalue.

Figure 6c provides more detailed information. The first-order case is just
as we have seen previously, with three modes that are well described by
linear combinations of the linear kernels. In the second-order case, v1 and
v2 are comparable to those of the first-order. v3, which is not approximated
by the first-order kernels, must arise from the second-order kernels. In this
regard, the full system is well matched with the second-order approxima-
tion. There also, v3 is comparable to that in the second order, and v1,2 are
derived from the linear kernels. However, the full system also has a posi-
tive mode, v+, from the linear kernels, which resembles the first order rather
than the second.

to that jitter. In section 2, we demonstrated that the STA and its derivatives are, up to a
linear transformation, the filters associated with the dynamical variables of the linearized
system. Therefore, there is a relationship between blind deconvolution to optimize fit to an
STA and estimation of a dynamical threshold based on the “hidden” (non-V) dynamical
variables.
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Figure 6: (a) STAs of an FN model neuron, and the first (gray) and second
(dashed) order approximation. (b) Spectra of covariance matrices of the FN
model and approximations. (c) STAs and covariance modes for the first- and
second-order approximations and the full FN system.

The geometry of the spike-triggering stimulus projections is shown in
Figure 7a. The first order, not surprisingly, recapitulates the curved thresh-
old case in Figure 2d. However, the second order is more like the (V, W)-
linear threshold case, while again the full system resembles the curve in
Figure 2d. A possible explanation is that each system probes different parts
of the dynamical threshold. Figure 7b marks the density of threshold cross-
ing points for each model. In contrast to the first-order and the full system,
which access a large section of the threshold with nontrivial curvature,
the second order probes only a small and almost linear section. This may
be the reason for the lack of a positive eigenvalue. As in the toy models
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Figure 7: (a) Spike-triggered stimuli projected into a feature space defined by
v1,+ for the first-order case and full system and v1,2 for the second-order system.
(b) The density of threshold crossing points in the first-order (solid), second-
order (dashed), and full (dotted) systems, plotted along the threshold curves in
the V − W plane.

in section 2, the contributions of the relevant dimensions are determined
not only by local information (filters) but also by the global structure of a
multidimensional or dynamical threshold.

5 Abbott-Kepler Model

In this section, we apply the same analysis to a two-dimensional model
which is more nonlinear and more realistic than the FN model.

Abbott and Kepler (1990) developed a two-dimensional reduction of the
Hodgkin-Huxley model, based on the observation that there is a separation
of timescales between the faster m and the slower n and h variables. m is
then replaced with its asymptotic value at the membrane voltage V, while
n and h are controlled by another voltage variable U. The equations of the
Abbott-Kepler (AK) model are of the form

C
dV
dt

= f (V, U) + I (t), (5.1)

dU
dt

= g(V, U), (5.2)
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Figure 8: (a) Phase plane of the Abbott-Kepler model with trajectories, null-
clines, and a threshold, in the absence of input. (b) AK phase plane with the
injected noisy input.

where f (V, U) and g(V, U) are nonlinear functions in V and U. Their deriva-
tion is briefly sketched in appendix C, and we refer to the original paper
(Abbott & Kepler, 1990) for further detail. The nullcline for U is given by
g(V, U) = 0, which is satisfied by V = U. The V nullcline, f (V, U) = 0, is
more complicated and obtained numerically. The two nullclines intersect at
a fixed point V = U = −65 mV.

Figure 8a shows the phase plane of this model with zero input cur-
rent. Like Figure 1, the threshold structure, which can be obtained nu-
merically, is visible. Due to the strong nonlinearity, spiking trajectories
are well defined on the phase plane, and the threshold has less ambi-
guity than for the FN model. Again, we try to identify the dynamics of
the system in the subthreshold regime with the first-order approximation.
Unlike an FN neuron, the Jacobian of this system has complex eigenvalues
λ± = −0.2118 ± i0.4035 ms−1, and therefore the first-order kernels ε

(1)
V,U os-

cillate, Figure 10a. This is consistent with the oscillatory linearized behavior
associated with the full Hodgkin-Huxley model near equilibrium.

Before we carry out covariance analysis on this model, we examine the
effect of a dynamical threshold, as in section 3. Figure 9a shows the spike-
triggering stimuli aligned with both a fixed threshold in V, chosen as V =
−40 mV to unambiguously select spiking trajectories, and the dynamical
threshold. The typical time shift is of order of 1 ms or less; the overall
STA suffers from only a slight time or phase shift when the V threshold is
used. However, in the small timescale of 1 ms or less, the V-threshold STA
differs from that in the dynamical threshold case, which is characterized
by a large delta-function component at the spike time. Both STAs are well
approximated by linear combinations of ε

(1)
V,U , up to a small deformation

around −15 ms due to the effects of multiple spikes.
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Figure 9: (a) Spike-triggering current histories with two different threshold
schemes in the AK model. (b) STAs of the AK model with the fixed V = −40 mV
threshold (dashed) and dynamical threshold (solid). Also, they are least squares
fitted by linear combinations of εV,U (gray).

Figure 10 shows the results from covariance analysis carried out with
approximately 2 × 106 spikes for gaussian white noise stimuli with various
variances. For comparison with previous results, we selected three eigen-
modes corresponding to the leading two negative and the largest positive
eigenvalues. We find that they are reasonably well approximated by linear
combinations of ε

(1)
V,U in most cases, although they are sometimes affected

by a δ-function at t = 0 and a large multispike effect at high variances.
The multispike effect can be eliminated by considering only the isolated
spikes when the spike rate is low (Agüera y Arcas & Fairhall, 2003). At
higher variances, isolated spikes are rare, and there is a stronger influence
of oscillating “silence modes” (Agüera y Arcas et al., 2003). As in the FN
neuron case, we identify modes other than those in Figure 10c as “nonlinear
modes.”

We compare results at different variances with our discussion in section
2.4. Some features of variance dependence are shared with the toy model in
section 2.4: the eigenvalue spectrum drifts, and the corresponding modes
rotate among themselves. However, the Abbott-Kepler modes also exhibit
more complicated behavior. Figure 11 shows projections of spike-triggered
stimuli onto two distinguished eigenvectors v1,+ and corresponding thresh-
old crossing points. At low variance, the system crosses mostly one side of
the threshold while the projections trace out the curvature of the threshold
segment. As the variance increases, some crossing points begin to appear
on the left side of the threshold. However, this does not overcome the ex-
pansion of a crossing point distribution on the right side, and the modes
corresponding to this direction dominate. At high variance, there are many
crossing points on both sides, reflected in the bimodal distribution of the
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Figure 10: (a) Normalized first-order kernels ε̄V,U of the AK model and the
component of εU orthogonal to εV , normalized (gray). (b) Eigenvalue spec-
trum of the covariance matrix of the AK model with each variance. σ0 = 13pA.

(c) Eigenmodes of the covariance matrices. As previously, v1,2 and v+ corre-
spond, respectively, to the two smallest negative eigenvalues and the largest
positive one.
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Figure 11: Projection of spike-triggering stimuli onto v1 and v+ in the AK model.
Below are threshold crossing points in the phase plane of each case, marked
by crosses, V ≤ −67 mV, and circles, when V ≥ −67 mV, over the dynamical
threshold (dashed). The other gray curves are the nullclines, with their inter-
section, the fixed point, marked by a circle.

projections, previously seen in the toy models. Thus, this is another exam-
ple of how the results of reverse correlation analysis are affected by both
the filter properties and the interaction of the stimulus ensemble with the
threshold geometry.

So far, we have discussed only two-dimensional dynamical models. We
began with some artificial toy models with purely linear subthreshold dy-
namics and proceeded to the minimal FitzHugh-Nagumo spiking model.
We applied the lessons learned there to the more nonlinear Abbott-Kepler
model. We will conclude with a partial analysis of the higher-dimensional
Hodgkin-Huxley model.

6 Hodgkin-Huxley Model

Higher-dimensional systems require nontrivial extensions of the methodol-
ogy we have used with two-dimensional systems. First, it is much harder to
find a dynamical threshold, which could now be a multidimensional hyper-
surface rather than a curve. If we do not align the spike-triggered stimuli
according to the dynamical threshold, the obtained filters may include a
distribution of time delays. For example, the reverse correlation analysis
may result in broadened filters,

f̃ µ(t) =
∫

dτ fµ(τ )pσ (t − τ ), (6.1)
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where pσ (τ ) is a point-spread function, depending on the input variance
σ 2, as in Figure 5c.7

However, we can still gain some insights from f̃ µ. If p(t) has a narrow
support, say less than a millisecond, it has negligible effects for larger time
windows. It is also possible that some consequences of our analysis will
still apply to f̃ µ with only a few reasonable assumptions. For example, if
pσ is of limited temporal extent, then the derivatives of f̃ µ can be simply

f̃ (n)
µ ≈

∫
dτ f (n)

µ (τ )pσ (t − τ ). (6.2)

Therefore, as we discussed in section 2, the linear modes among { f̃ µ} should
still be (approximately) closed under time differentiation.

To demonstrate this, we use the four-dimensional Hodgkin-Huxley
model, and the following strategy: we select the linear modes out of the
significant filters from covariance analysis. Now, since the STA is approxi-
mately their linear combination, the time derivatives of the STA should be
written in terms of the linear combinations as well if they are closed under
time differentiation. Figure 12 shows that this holds. In the low-variance
case, Figure 12a, the three linear modes chosen provide good fits to the time
derivatives of the STA. The high-variance case, Figure 12b, is affected by
multispike effects and a filtering artifact, but it is also well fitted. Therefore,
we can conclude that the time derivatives of the STA span the same space
as three linear modes. One might expect a fourth linear mode due to the
dimensionality of the model, but this is not as significant as the others; this
agrees with previous covariance analysis that the HH model can be well
described as a quasi-three-dimensional system (Agüera y Arcas et al., 2003).

We note that it is not clear whether the linear modes in the two cases span
the same feature space. This is difficult to ascertain since the point-spread
function can in principle depend on the stimulus variance. In Figure 12c,
we see that while v1 of the high-variance case can be fitted by the linear
modes of the low variance, the other modes show a small deviation even
around 5 ms. This might indicate an interesting variance dependence as in
section 2.4, but we will not pursue this issue in this article.

7 Summary

Here we have investigated the meaning or interpretation of the features
derived from the spike-triggered covariance method applied to two simple

7 In fact, it can be much more complicated than this. Since the time delay depends on
the location of threshold crossing in a phase space, additional temporal correlations are
introduced. Therefore, each filter may have a different point-spread function, or filters
may depend on the time delay structure in a complicated way. Here will discuss only the
simplest case.
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Figure 12: Covariance bases of the linear feature space of the Hodgkin-Huxley
model recovered at (a) low and (b) high variance. The three most significant
eigenvalues are denoted with the same shades as the corresponding linear
eigenmodes. (c) The STA and linear modes of the high-variance case and their
fits using the linear modes of the low-variance case in the HH model.
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neuron models: the FitzHugh-Nagumo model, the minimal spiking neu-
ron model, and the Abbott-Kepler model, a more faithful two-dimensional
reduction of the Hodgkin-Huxley system. The power of white noise anal-
ysis is that it provides a data-driven method to reduce a high-dimensional
dynamical system to a functional model that captures the essential compu-
tation of the system in terms familiar to systems neuroscience: a receptive
field that filters the stimulus and a threshold function over the filtered stim-
ulus. Our goal here was to analyze the output of a white noise analysis in
terms of what it can reveal and how it depends on the underlying dynami-
cal system. In this, our approach is distinct from the elegant work of Huys,
Ahrens, & Paninski (2006), where responses to white noise stimuli are used
to fit the parameters of a conductance-based model.

Dealing with simple two-dimensional systems, our observations of spik-
ing dynamics in the phase plane motivated the following reduced model:
dynamics in the phase plane are approximated by the perturbative expan-
sion, in particular the linear approximation, and the system’s nonlinearity
is captured by a spiking threshold, determined for zero input, that ex-
tends through multiple dimensions. This model is a generalization of a
basic filter-and-fire model to multiple dimensions and extends it in two
significant ways. One is the identification of the filters with the dynamical
variables of the system; the other is the generalization of the concept of the
threshold.

The simplified model with linear dynamics and a multidimensional
curved threshold was treated both analytically and phenomenologically,
using numerical simulation and reverse correlation (covariance) analysis
of spike-triggered stimuli. This led to several insights, some of which are
related to existing observations. First, for this case, the feature space de-
rived from covariance analysis is spanned by the linear kernels. Since the
set of kernels is closed under time differentiation, the same feature space
can also be spanned by a generic linear combination of the kernels, such as
the spike-triggered average and its n time derivatives. However, not every
kernel contributes as a relevant feature. The threshold structure plays a role
of selecting the relevant ones from the kernels: for example, a linear thresh-
old selects a single filter and its time derivative. In general, a threshold
spanning a d-dimensional subspace will select d + 1 features from among
linear combinations of the kernels. We show further for this model that
the distribution of spike-triggered stimuli in the covariance feature space
corresponds to that of threshold crossing points, up to a suitable linear
transformation.

We also used this model to illustrate the effects of the interaction of
the threshold nonlinearity with the stimulus ensemble. We show that a
complex threshold geometry leads to a nontrivial variance dependence of
the eigenmodes and eigenvalues of covariance analysis and, even more
so, the spike-triggered average. In the linearized subthreshold model, the
subspace of eigenmodes is not changed, but the spike-triggering ensemble
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may rotate through this subspace, leading to a variance-dependent spike-
triggered average. This is one example of stimulus-variance dependence
in a nonlinear, nonadapting system (Yu & Lee, 2003; Borst, Flanagin, &
Sompolinsky, 2005). We show this effect in the analysis of the Abbott-Kepler
model neuron.

The identification of a curved or dynamical threshold raises an issue
in reverse correlation analysis regarding the determination of spike time.
For the FitzHugh-Nagumo and Abbott-Kepler models, we compared two
cases: when spike times are identified using a threshold in voltage and
when the spike times are found using the crossing of an identified curve
that leads to spiking for zero current input. Surprisingly, the spike-triggered
averages showed remarkable differences. For a voltage threshold, the time
delay from the earlier threshold crossing point blurs the estimated filters.
It is shown that using the dynamical threshold leads to a better fitting of
the estimated filters by the system’s linear kernels, as well as improving the
sharpness and substantially altering the shape of the STA.

In all of our discussion here, we have concentrated on the subthreshold
dynamics bringing the system to the point of threshold. We do not analyze,
and our simplified models do not accommodate, the dynamics of the sys-
tem immediately after a spike. In the phase-plane picture, spiking reinjects
the system into the subthreshold regime in a nonrandom way, affecting the
subsequent probability flux to threshold, analogous to the one-dimensional
reset of the integrate-and-fire neuron treated in Paninski, Lau, & Reyes,
(2003). In our approach, we have assumed that the system has remained be-
low threshold for long enough that its location in the subthreshold space has
been randomized by the driving current. This corresponds to an analysis of
isolated spikes only, a simplification we have used before (Agüera y Arcas
et al., 2003) and employed here for the covariance analysis. A number of
works have treated this issue explicitly with a variety of methods: treating
the interspike interval as the primary symbol (de Ruyter van Steveninck
& Bialek, 1988; Rieke et al., 1997), solving for the interspike interaction
using the interspike intervals (Pillow & Simoncelli, 2003), simultaneously
solving for the linear kernel over stimulus history and spike history using
the autoregressive moving average (Powers et al., 2005; Truccolo, Eden,
Fellows, Donoghue, & Brown, 2005), and fitting parameters of an explicit
model for the effective postspike current (Kistler et al., 1997; Keat et al.,
2001; Paninski et al., 2004; Pillow et al. 2005). While the simplification we
have used here allows us to find direct connections between the covariance
modes without the confound of the interspike interaction (Agüera y Arcas
et al., 2003; Agüera y Arcas, & Fairhall, 2003) it is clearly not a complete
model for spiking responses. A first step toward a more complete spiking
model may be to consider the perturbed subthreshold distributions induced
by the influx of trajectories following spikes. This is in effect a mean field
approximation, taking into account the overall spike rate for a given stim-
ulus ensemble. Further steps could be taken by introducing a return map
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deterministically relating the point of threshold crossing to a point of re-
turn into the subthreshold domain. The integrate-and-fire model is the most
trivial implementation of such a return map; an equivalent map in multiple
dimensions would reintroduce all spike trajectories into the subthreshold
domain at an identified point (this is V = 0 for integrate-and-fire). Such a
many-to-one map implies that the neuron’s state is completely reset by a
spike, which is incorrect for neurons with slow conductances that modu-
late spike afterpotentials. A less degenerate map seems more appropriate
for such cases. Another important step is the addition of these slow con-
ductances. Using our formalism, such conductances may be representable
simply as additional dimensions of threshold curvature with corresponding
longer-timescale stimulus filters.

White noise analysis allows the derivation of intuitive functional models
for neural computation: What does the neuron compute? In this article, we
have drawn concrete correspondences between the components of these
functional models and parameters of the underlying dynamical system.

Appendix A: Volterra Expansion of a Dynamical System

Let us consider an n-dimensional dynamical system, perturbed by an ex-
ternal input I (t) as equation 2.1. For convenience, we introduce a dimen-
sionless expansion parameter η, with which we will expand the equation.
More precisely, equation 2.1 becomes

∂t yk = fk(y1, y2, . . . , yN) + ηδk0 I (t). (A.1)

We also have the perturbation expansion of yk as

yk = y(0)
k + ηy(1)

k + η2 y(2)
k + · · · . (A.2)

By plugging equation A.2 into equation A.1, we obtain

∂t

(
ηy(1)

k + η2 y(2)
k + · · ·

)
= ηI (t)δk0 + ∂ fk(y(0))

∂ym
ηy(1)

m

+ 1
2!

∂2 fk(y(0))
∂ym∂yn

η2 y(1)
m y(1)

n

+ ∂ fk(y(0))
∂ym

η2 y(2)
m + · · ·.
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By comparing two sides order by order, we obtain a series of equations
satisfied by the perturbative expansion at each order as

Dkm y(1)
m = I δk0, Dkm = δkm∂t − ∂ fk(x(0))

∂xm

∣∣∣∣
y(0)

,

which is equation 2.2,

Dkm y(2)
m = 1

2!
Hkmn y(1)

m y(1)
n , Hkmn = ∂2 fk(y(0))

∂ym∂yn
, (A.3)

which is equation 2.9, and so on.
These equations can be solved recursively by using a kernel ε(1) = D−1,

which therefore satisfies

Dkmε
(1)
ml (t, t′) = δklδ(t − t′).

Now the solution of the first order can be written as

y(1)
k (t) =

∫
dt′ ε(1)

k (t − t′)I (t′),

where ε
(1)
k = ε

(1)
k0 . Also from equation A.3,

y(2)
k = 1

2!

∫
dt′ ε(1)

kl (t − t′)

×
(

Hlmn

∫
ds1ds2 ε(1)

m (t′ − s1)ε(1)
n (t′ − s2)I (s1)I (s2)

)

= 1
2!

∫
ds1ds2 ε

(2)
k (t − s1, t − s2)I (s1)I (s2),

ε
(2)
k (s1, s2) =

∫
dt′ Hlmnε

(1)
kl (t′)ε(1)

m (s1 − t′)ε(1)
n (s2 − t′),

which is equation 2.10. Since this procedure can be carried out to higher
orders, the higher-order kernels are outer products of the linear kernels.

In addition, the first-order kernels are related to each other by simple
time differentiation. To show this, we rewrite equation 2.4 as follows:

ε(1)
m (t − t′) = D−1

mnδn0δ(t − t′). (A.4)
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Now the derivatives can be computed as

∂tε
(1)
m = ∂tD−1

mnδn0δ(t − t′)

= (∂tδml − Jml + Jml )D−1
ln δn0δ(t − t′)

=DmlD−1
ln δn0δ(t − t′) + Jmlε

(1)
l

= δm0δ(t − t′) + Jmlε
(1)
l . (A.5)

This shows that the nonsingular part of the first-order kernels can be ob-
tained by the linear combination of the derivatives of other kernels.

Appendix B: A Linear Model from the FitzHugh-Nagumo System

Here we derive the linearization of the FitzHugh-Nagumo model, begin-
ning with equations 1.5 and 1.6. The fixed point can be obtained by si-
multaneously solving the nullcline equations. We denote it by (V0, W0) and
expand the system around this point.

First, the Jacobian is

J =
(

F ′(V0)/ψ − 1/ψ

1 − b

)
,

where F (V) = V(1 − V)(a + V), and this defines a linear system:

∂tV = F ′(V0)
ψ

V − 1
ψ

W + I (t)

∂tW = V − bW.

J has eigenvalues λ±:

λ± = 1
ψ

[
f−(V0) ±

√
f+(V0)2 − ψ

]

= −b +
[

f+(V0) ±
√

f+(V0)2 − ψ

]
(B.1)

= −b + κ±,

where f±(V) = (F ′(V) ± bψ)/2. As in equation 2.6, J is diagonalized by a
matrix U,

U = 1
λ+ − λ−

(
1 λ− + b

−1 −(λ+ + b)

)
.
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From equation 2.8, we obtain the first-order kernels, which solve the linear
system

ε
(1)
V (t) = e−bt∂t S(t)H(t),

ε
(1)
W (t) = e−bt S(t)H(t), (B.2)

where S(t) = (eκ+t − eκ−t)/(κ+ − κ−). ε
(1)
V,W(t) with our choice of parameters

is drawn in Figure 2a.

Appendix C: Derivation of the Abbott-Kepler Model

In this section, we show the derivation of a two-dimensional neuron model
used in section 5. For further details, we refer to the original paper (Abbott
& Kepler, 1990).

We begin with a Hodgkin-Huxley equation, which is defined by equa-
tion 1.1 and the following parameters:

gL = ḡL , gK = ḡK n4, gNa = ḡNa m3h. (C.1)

τz(V)
dz
dt

= z̄(V) − z, τz = 1
αz + βz

,

z̄ = αz

αz + βz
, z = m, n, h (C.2)

αm = .1(V + 40)
1 − exp[−.1(V + 40)]

, βm = 4 exp[−.0556(V + 65)],

αh = .07 exp[−.05(V + 65)], βh = 1
1 + exp[−.1(V + 35)]

, (C.3)

αn = .01(V + 55)
1 − exp[−.1(V + 55)]

, βn = .125 exp[−.0125(V + 65)].

The key observation is that τm is much smaller than τn,h , while τh and τn

are mutually comparable. Therefore, m can be approximated by its value at
equilibrium, m̄(V), and h and n can be represented by the same equilibrium
voltage, U. In other words,

m ≈ m̄(V), h ≈ h̄(U), n ≈ n̄(U).
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Using this, we obtain equation 5.1 as

F =
∑

i=L ,K ,Na

gi (V − Ei )

≈ ḡL (V − EL ) + ḡK n̄(U)4(V − EK ) + ḡNa m̄(V)3h̄(U)(V − ENa )

= − f (V, U).

An equation for U, equation 5.2, is obtained by requiring that time depen-
dence of the active current F due to h and n in the Hodgkin-Huxley model
is mimicked by h̄(U) and n̄(U). This implies

d F
dh

dh
dt

+ d F
dn

dn
dt

≈
(

∂ f
∂ h̄

dh̄
dU

+ ∂ f
∂n̄

dn̄
dU

)
dU
dt

. (C.4)

Again, we approximate equation C.2 in the same way,

dz
dt

≈ 1
τz(V)

(z̄(V) − z̄(U)) , z = h, n.

Plugging this in equation C.4, we can solve for dU/dt as a function of V
and U, which we denoted by g(V, U) in equation 5.2 as

g(V, U) =
ḡNa (V − ENa )m̄(V)3(h̄(V) − h̄(U))/τh(V) + 4ḡK (V − EK )n̄(U)3(n̄(V) − n̄(U))/τn(V)

ḡNa (V − ENa )m̄(V)3h̄′(U) + 4ḡK (V − EK )n̄(U)3n̄′(U) .
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